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PREFACE 

T he controversial note which has been characteristic of 
discussions in respect of the Principle of Relativity has 
prevented the significance of the principle from being seen in 
its proper proportions and in its relation to general physical 
theory. On the one hand, there have been those who have 
magnified its importance, and assigned to it an unduly revolu- 
tionary power, while on the other hand, there are those who 
have scoffed at it as fantastic and reared on the most slender 
of physical bases. It has therefore seemed desirable in the first 
part of this book to outline the way in which the Principle of 
Relativity grew out of electrical theory, so that it might be 
made clear that there is a real place for it as a hypothesis 
supplementary *o and independent of electrical theory owing 
to the limitations to which that theory is subject. 

It is hoped that by drawing a clear distinction between the 
‘ mode of measurement,’ and the ‘ nature ’ of space and time, the 
author will escape from the charge of venturing unduly upon 
debatable metaphysiciil questions. 

In the Second Part an attempt has been made to present 
in a simple form the more attractive of the two mathematical 
methods devised by Minkowski for the purpose of putting in 
evidence the relative nature of electrical and other phenomena. 

The Third Part seeks to indicate some of the most funda- 
mental points in* which mechanical theory needs modification if 
the principle is accepted as universal. It has not been thought 
advisable to .give an account of the purely formal and rather 



VI 


PREFACE 


# 

academic developments of special branches of mechanics such 
as hydromechanics, and elasticity, as these might tend to divert 
attention from the bearing of the principle on what are generally 
classified as the fundamental concepts. Some account of these 
is given by M..Laue in the second edition of his book, Das 
Relativitdtsprinzip, Braunschweig, 1913. No attempt has been 
made to present the highly speculative attempt of Einstein dt 
a generalization of the principle in connection with a physical 
theory of gravitation. 

Throughout the intention has been as far as possible to 
consider those aspects of the principle which bear directly on 
practical physical questions. The mathematical part has been 
comprised to fis small a compass as is consistent with furnish- 
ing sufficient apparatus for a systematic consideration of the 
problems suggested. 

In the preparation of the book the author has received great 
help from Mr H. R. Hasse, who read the whole of the manuscript 
and made many suggestions for its improvement, besides reading 
the proofs of nearly the whole work. Mr R. W. James has also 
given valuable assistance in reading both manuscript and proofs. 
Elspecially would the author wish to acknowledge his debt to 
Sir Joseph Larmor, both personally and through his published 
works, for much stimulus and encouragement ‘in the study of 
theoretical physics, and for valuable criticism of the earlier 
part of this book. 

To the staff of the Cambridge University Press for care and 
courtesy in the work of printing the author is most grateful. 


Cahbridob, 
June 1914. 


E. C. 
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THE PRINCIPLE OF RELATIVITY IN RELATION 
TO GENERAL PHYSICAL THEORY 

CHAPTER I 

INTRODUCTION 

1. The Relativity of the Newtonian Dynamic!. 

It is a commonplace observation in respect of Newtonian 
dynamics that although the fundamental laws assume at the 
outset an absolute frame of reference, yet they are not sufficient 
to determine uniquely what that frame of reference must be ; or 
in other words, although to every moving point a velocity is 
assigned, yet the laws of dynamics as stated by Newton are 
not sufficient to determine a velbcity which, more than any 
other arbitrary velocity, can be said to be the velocity of any 
particular point. Put more definitely, it is known that if any 
set of axes in space can be specified relative -to which, the laws 
of dynamics are satisfied by a system of bodies, then any other 
set of axes which moves continually with a constant velocity of 
translation and with no rotation relatively to the former set, is 
also a valid framework for the dynamics of the same system of 
bodies. 

It is important to distinguish this dynamical relativity firom 
any philosophic dogmef as to the a priori impossibility of the 
mind conceiving of an absolute position or motion in space. 
For such a propositibn would be of much wider content than 
that stated above. It would imply not only that the velocity 
of a point is an undetermined quantity but also that its 
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acceleration cannot be determined. Further there is nothing to 
exclude from the scope of such a supposed philosophic truth 
the impossibility of defining uniquely the velocity of rotation 
of a body. In fact apart from physical phenomena, the mind 
can no more ?ind no less conceive of an absolutely fixed direc- 
tion than of an absolutely fixed position. 

In the Newtonian description of the modes of motion of 
bodies however, absolute standards of position and direction 
are at the outset assumed, not as a philosophic doctrine, but as 
a means of co-ordinating the phenomena observed as simply as 
possible. The justification for the assumption lies in the fact 
that the co-ordination is possible, and the laws so framed con- 
tain within themselves the definition of the terms ‘absolute 
position ’ and ‘ direction,’ and they also define, though not 
uniquely, ‘ the frame of reference.’ 

A straight line from the point of view of Newtonian 
dynamics is nothing more than the path of a particle which 
moves under the influence of no external agencies*, or again it 
is the locus of the positions at any instant of a number of 
particles which were projected in a common direction with 
difierent velocities from a givenopoint at some previous moment. 

2. The Space and Time of dynamics. 

But more than this, the laws of dynamics*contain statements 
as to distances and intervals of time. In the scheme as finally 
drawn up it appears as if the measurements of distance and of 
time were almost intuitive processes, the method to be adopted 
being undefined. It appears almost ais if space were marked 
out permanently, and as if there were an absolute clock to 


* The differential equations 





lead at once to the equations 

x^ait + bi, y=a2t + {)2, *=a3t + 63 , 

out of which all the descriptive geometry of the straight line and plane follow 
immediately. 
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which all time is referred. But on examination it is clear 
that our intuitive conception of distance is not sufficiently 
definite, and that all possible clocks are too dependent on 
dynamical mechanism to be of use as primary standards of time. 

Thus, as in the case of position and direction, the definitions 
of the ‘ measures of space and time ’ in d3niamics are partly 
contained within the laws of motion. Those laws at once 
express a uniformity in the phenomena of motion, and define 
a scheme of quantities in terms of which that uniformity 
may be simply expressed, but, as has been said, the scheme 
so defined is by no means unique. In the light of the 
principles of conservation of linear and angular momentum of a 
system of particles, all that can be stated is that we have 
criteria of certain fixed directions, namely the directions of the 
resultant linear and angular momenta, and also a criterion of 
uniform motion in a fixed direction, namely the motion of the 
centre of mass, of the system. 

It was said above that the definitions of the measures of 
space and time are partly contained in the laws of djmamics. 
The two concepts are not in fact completely defined by the 
dynamics of separate particles. If we had an independent 
measure of time, then uniform motion would give a means of 
piissing to a measure of space. Conversely if we had an inde- 
pendent measure of space, then the measure of time could be 
obtained. The clock would be a free particle traversing a 
graduated straight line. 

But if within the term ‘dynamics’ we include the phenomena 
of a rigid body, then both measures are defined — subject to a 
choice of units. For in this branch of dynamics the ideal 
rigid body is conceived as having a definite size ; the distance 
between two points of it is conceived as always defining 
the same interval of distance, whether the body is moring 
or not. It may be looked upon as a means of measuring space. 
Or again if, avoidyig the usual somewhat artificial deduc- 
tions of the equations of motion of rigid bodies from those of 
separate particles, we take those equations for granted as the 

1—2 
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appropriate extension of Newton’s equations, then we have an 
ideal clock in a body rotating about an axis of symmetry, and 
hence, by means of the motion of free particles, a method of 
graduating space. But it is implied in our scheme of dynamics 
that if space were so graduated then the distance between two 
given points of any rigid body would occupy the same interval 
wherever it was placed, and whatever were the free parade 
which was defined to be at rest. 


3. There is then a Newtonian principle of relativity 

which may be stated thus: 

It is impossible by means of any dyimmical phenomena to 
ascertain absolutely the velocity of any material particle, but the 
relative velocity of any poird with respect to any other is a 
uniquely determinable quantity. 

It is worth noticing at once that in considering the samS 
dynamical system from two different frames of reference moving 
relatively to one another with a certain uniform velocity of 
translation, there are certain quantities that have the same 
value in the two cases. The ‘ mass ’ of a particle, its ‘ accelera- 
tion,’ the ' force ’ acting on a particle, the ‘ distance between two 
marked points of a rigid bo<ly,’ and the ‘ measure of an interval 
of time ’ are the most fiindamental. On the other hand the 
velocity, momentum, and energy vaiy An^th the fiiime of 
reference. 


It will be important in the ensuing discussion to emphasize 
the invariant quantities, but the main outlook is towards the 
invariant relations between the quantities which are not them- 
selves invariant. 

For example, if the vector u* is the velocity of a moving 
particle relative to a certain Newtonian frame of referehce we 
have 


m 


du 

dt 


= P. 


where P is the force acting. 


* Throughout the book vector quantities are represented by Clarendon type, 
and (ht) represents the scalar product of a and i.e. | n 1 1 cos where | n [ 
is the magnitude of u and B is the angle between u and 
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If u' is the velocity referred to a new frame of reference 
whose velocity relative to the first is v * 


so that ▼ being constant 


U as U — 
du' _ 


Here m and P are invariard quantities and the equation is an 
invariant relation. It is the relation which is all important. 

Again the equation of energy in the first system is > 


and in the second 


^(imu®) = (Pu), 
^(imu'®) = (Pu'); 


the latter can be obtained from the former by means of the 
equation of momentum. 

But conversely if we assume the equation of energy to he an 
invariant relation, the equation of momentum may he deduced. 

Thus I ^ (*».«■) - 1 (»ar) + 1 

or since v is constant 

d 


or 


(Pu') = (Pu) - (v ^ mu) , 

I H- 


If this is true whatever the value of the relative velocity ▼ 
of the two frames of reference, we must have 


4. Remembering that a force is not a primary physical 
quantity*, it will be as well to refer to the more fundamental 
physical results of the conservation of energy and momentum 
for a system of particles under no forces but their own mutual 
actions. * 

* As oommonlj presented in present day teaching — bat see § 5 and appendix, 
pp. 9 and 10. 
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From the equations 

+ V= const., 

Smu = const., 

in which the potential energy of the configuration is V, it 
follows that 

2iw(u — v)*+ const., ^ 

where v is any constant vector. Thus if it be taken that V is 
a function of the relative positions of the particles (which are 
invariant quantities), so that F is an invariant, it follows that 
the sum of the kinetic and potential energies is constant what- 
ever be the velocity. 

In the same way if it be assumed thp-t V is independent of 
V and that the constancy of the sum of the energies is an 
invariant relation, it follows that Smu is constant ; or, in other 
words — the principle of the conservation of linear momentum 
follows from the 'principle of energ'y combined with the principle 
of relativit'y. 

In this statement of course the mass m becomes merely a 
constant in the equation of energy — its definition is included in 
the assumption of the existence of such an equation, and the 
familiar definition in terms of accelerations takes a derived 
position. < 

5. It is striking that the invariant quantities mass and 
force are precisely those which have, in the point of view 
represented by Mach (jScience of Mechanics) and Karl Pearson 
{Orammar of Science) among others, been relegated from the 
position of primary concepts to that of mathematical numbers 
characteristic of certain uniformities and relations between the 
accelerations of bodies. But it is at least capable of being argued* 
that even if the means of measuring them is lacking, quali- 
tatively they are matters of apprehensiorf as direct as time and 
space ; and, as for measurement, the ordinaiy means applied to 
the latter depend upon the properties of mas^,i.force, and rigidity. 
It is as easy to imagine the reproduction of the physical 


See qaotations in the appendix to this chapter. 
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conditions giving rise to what we call a force, as to conceive of 
an ideally periodic phenomenon which will serve as a clock. 

In passing from the ‘ dynamics of experiment/ in which forces 
are looked upon as pric to motion, as for example in the 
projection of a bullet from a rifle, or the throwing of a ball by 
muscular effort, to the ‘ dynamics of theory,’ we are, as in nearly 
all k)gical schemes, extracting from the complex of experience 
of motion in space ideal conceptions of abstract space and 
time merely as a foundation or background for an ordered 
description of the permanent relations between different factors 
in that experience. When we have obtained these two con- 
ceptions by an analytic process from the directly perceived facts 
of motion, we can by a synthetic process build up from these 
materials an ideal conception of motion which records the facts 
of experience in a form amenable to mathematical treatment. 

But as the essence of a picture is not in the canvas, but in 
the painting thereon as a record and interpretation of some part 
or aspect of human experience; so the value of dynamical 
theoiy is not in its reducing ‘ force ’ and ‘ mass ’ to abstractions 
by making ‘ space ’ and ‘ time ’ the prime concepts, but in its 
giving a fuller and more precise significance to those funda- 
mental elements of experience by making a picture of them 
which is complete in itself*. 

6. Statement of the Gfreneral Principle of Relativity. 

The Principle of Relativity which is the subject of this work 
holds the same place in the physical thought of to-day, that the 
foregoing principle of d3mamical relativity held in the time 
when the laws of dynamics were considered as ultimate and all- 
embracing. It consists in the general hypothesis, based on a 
certain amount of experimental evidence, that the problem of 
determining in a physical sense the absolute velocity of a body is 
one that can “no more %e solved uniquely by the help of optical 
and electrical phenomena, than it cotdd by means of dynamical 
observations. * 

* Cf. Larmor, Aether and Matter, Appendix B, especially § 8, pp. 271-8. 
See also pp. 9, 10. , 
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If we speak of a ‘fixed aether’ as the background of electrical 
activity, it is the hypothesis that the velocity of cmy piece of 
matter relative to the aether ie unknowable. 

To put it more precisely, it states that we neither have nor 
eacpect to have any experimental evidence of the uniqueness of 
the framework which we call *the aetiier,' but that if there is 
one, tiiere is an infinite number of such frames of reference, \iny 
one of which has, relative to any other, a uniform velocity of trans- 
lation without rotation, this velocity being of arbitrary magnitude. 

In this statement, it will be seen, the old philosoph'c dif- 
ficulty as to absolute direction or angular velocity remains. 
The domain of the principle is co-extensive with the relativity 
which follows from the laws of d3mamics. But as in that case, 
the assertion of the principle is not a metaphysical dogma. It 
is an empirical principle, suggested by an observed gi-oup of 
facts, namely the failure of experimental devices for determining 
the velocity of the earth relative to the luminifei’ous aether, 
and would make it a criterion of theories of matter that they 
should give an account of this failure, and it suggests modifica- 
tions wheic the theory is insufficient to do so. But like all 
physical principles, it is to be probed by further experience. 

It will be seen that it involves a reconsideration of many 
old-established preconceptions. It emphasizes very strongly 
what has been said as to the derivative natufe of metrical space 
and time ; though, of course, as a physical principle it has 
nothing to say against the reality of the perception of spatial 
extent and temporal duration. It is in fact completely de- 
pendent upon such perception. 

It will be found that many commonly accepted terms such 
as ‘simultaneity,’ ‘electric force,’ ‘aether’ are incapable of 
unique definition or specification, and to that extent lose that 
reality which they seemed to possess. X criterion of objective 
or physical reality is strongly suggested in the requirement of 
uniqueness of definition and invariance of rtiagnitude whatever 
the frame of reference chosen out of an infinite number that 
are possible. , 
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Thus, for example, in the light of what has been said, the 
metrical absolute space of Newton is not unique. On the other 
hand, in force and moss we are dealing with quantities which 
the relations perceived between phenomena do not leave 
ambiguous*, so that, in this sense, we may say that they 
have a physical significance such as we cannot attribute to 
velocity, or energy. 

Thus we are reminded that mechanics was in its origin a 
calculus of forces, that Galileo’s great achievement was in the 
clear statement of the property of mass or inertia as a per- 
manent property of matter, and that only at a later date was 
the attempt made to frame a system of Mechanics in which 
these quantities took a secondary place, while motion relative 
to a conceptual and undefined^ framework was given the 
pre-eminence as the basis of the science. 


APPENDIX 

It may be worth while for the sake of emphasizing the 
point of view to place side by side quotations representing 
different schools of thought. 

Karl Pearson — Grammar of Science, 3rd edition, p. 332. 

“ The definition of force wo have reached is a perfectly intelligible one ; 
it is completely freed from any notion of matter as the moving thing, or 
from any notion of a metaphysical cause of motion.... Force is an arbitraiy 
conceptual measure of motion without any perceptual equivalent.” 

Contrast with this 

Lamior — Aether and Matter, p. 272. 

“To say, as is sometimes done, that force is a mere figment of the 
imagin ation which is useful to describe the motional changes that are 

going on around us in Jifature, is to assume a scientific attitude that is 

• 

* Subjeot of course to the restriction of the phenomena in question to a 
certain limited field. 

t That is, unde&ned apart from the relations to be subsequently developed. 
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appropriate for an intelligence that surveys the totality of things : but a 
finite intellect, engaged in spelling out the large-scale permanences of 
relations in material phenomena, is not cognizant of the bulk of these 
ultimate motions at all, and must supply the defect by the best apparatus 
of representation of the regular part of their effects that is in his power. 
When a i^erson measures the steady pull of his arm by the extension of a 
spring, where or what, for example, are the motions of which the pull is 
only a mode of representation? The only way of gradually acquiring 
knowledge as to what they are, is to develope and make use^of all the 
exact concepts that examination of the phenomena suggests to the mind. 
And in any case it is not the motions that are the essential factors, so 
much as the permanent entities of which the motions merely produce 
rearrangement.” * 

Also p, 278. 

“...it would bo a misfortune to brinish the idea of force even if we 
could. Any definition that would merely make it a subjective cause of 
motion is incomplete : the concept is required for the expression of 
proi)crtics of permanent groupings of natural phenomena, and in that 
sense is as much objective as anything else. When we hang up a given 
weight on a spring-balance the extension of the balance is always the 
same, subject to jx^rroanence of locality and other assignable conditions, 
and whenever we see the spring so extended we infer at once that it is 
supporting an equal weight or else doing something equivalent: we say 
that it is exerting a ceiiiain definite force. It would of course be useless to 
introduce this conception of force if the uniformity of the course of Nature 
did not hold to the extent here described. But as it jloes hold, the force is 
the concept that allows us to eliminate the consideration of the complex of 
changes of molecular states and motions that is involved in the extension 
of the spring, of which we know nothing except that they are for our 
puriK>se8 the same in each case.” 

And p. 279. 

“ On the other hand, if the idea of force had not been supplied to us 
ready formed, through our muscular sense, we ctui conceive that the 
science of Meclianics must have liegun with the dynamics of molecular 
systems, and the forces between permanent finite bodies would have been 
discovered and defined as new physical conceptions simplifying the theo- 
reticixl discussions and related to the degree of permanence of the systems : 
the conception of the potential in electrostatics is actually one of this 
kind : so is that of temperature, which also was eafly developed becaus 
our sense of heat supplied it ready formed.” 
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1. The Early Development of the Concept of the 
Aether*. 

The foregoing chapter has been prefixed in order to prepare 
the way for the ideas which are to be developed in the 
region of electromagnetic phenomena. The phenomenon of 
aberration discovered by Bradley in 1727, though it revealed 
something of the relative motion of the earth and the stars, 
went no way towards clearing up the difficulty of determining 
an absolute velocity of bodies through space. It was quite 
simply explained on an emission theory of light, which makes 
the variation in the apparent position of the star depend on 
the variation in the velocity of the earth relative to a Newtonian 
frame of reference. Such a frame of reference is required for 
the purposes of explanation ; but when that is completed it is 
only relative velocities that appear in the result, and in accord- 
ance with Newtonian theory these relative velocities or changes 
of velocity have a unique and defined value. 

But with the rise of the undulatory theory of light and 
the conception of a luminiferous aether came difficulties and 
questions. What is this aether, and what its relation to 
matter? How is it influenced by the motion of the earth 
and other bodies through it? 

The natural conception is of a fluid of some kind which 
may or may not penetrate into the interstices of matter. 
Some thinkers were •for excluding it entirely from the space 

* An exhaustive account of this part of the subject up to the year 1900 may 
be found in Larmor’s Aether and Matter, 1900, especially in the historical 
survey which forms «ithe first chapter of that work. 
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occupied by material bodies, a view which necessitated it 
being moved as they moved. Others adopted a modification of 
this view, allowing that the aether might penetrate and pass 
through the interstices of matter, but that the motion of the 
matter might exercise a dragging influence on it as it moved 
through it. 

The extreme position on one hand is that the aethdt is 
comparable with a fluid to which matter is impervious, but 
which is pushed and dragged at the bounding surfoce of any 
material body, in such a way that at the boundary the velocity 
of the aether is equal to the velocity of the matter. This was 
the view taken by Arago, Cauchy and Stokes. The main 
objection to it lay in the difficulty of explaining aberration 
from this point of view, but Stokes shewed that this was not 
insuperable. 

On the other hand lies the extreme position that the aether 
is stagnant or immobile, that the passage of matter through 
it produces no disturbance of it as a whole. Although this 
view was hinted at by early writers, it only came gradually into 
general acceptance, and this probably because the early con- 
ception of the aether was that of a particular form of matter, 
which could not coexist with any other form in the same place. 

2. Aragons experiment and Fresnel's convection- 
coefficient. 1818. 

One of the earliest experiments bearing on the solution of 
the problem was conceived and carried out by Arago*. His idea 
was that since the deviation of a ray of light by a prism depends 
on the ratio of the velocity of light in space to its velocity 
through the material of the prism, the motion of the prism 
through space, since it affects the relative velocity with which 
the light meets the refracting surface, will also affect the amount 
of the deviation. He calculated that the effect produced would 
be possibly as much as a change of a min.ute of arc, and this was 
a quantity well urithin the reach of observafion. But on tryipg 

* See Fresnel’s letter to Arago, Annaies de ChimUt 1818, quoted by Larmor 
in Aether and Matter^ p. 320. 
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the experiment he found that the change was not to be per* 
ceived, and the conclusion he drew was that the aether in 
the neighbourhood of the earth was dragged along with the 
earth, so that the veloci / with which the ray met the prism 
was simply the constant velocity relative to the aether. 

The result of his experiment he communicated to Fresnel 
whck accepted the result but not the explanation. He pointed 
out that it was possible to maintain the conception of a 
stationaiy luminiferous medium, by supposing that the velocity 
of light in the prism, relative to it, was affected by the motion 
through the aether. Arago had not contemplated this possi- 
bility. Fresnel was able to shew that, there would be no change 
in the deviation if, the velocities of light in free space and in 
the prism at rest being c and c', the corresponding velocities 
relative to the prism when moving with velocity v in the 
direction of the light were c — v and c' — vjfj?, /jt being the 
ordinary index of reficaction c/c' ; or, in other words, if the absolute 
velocity of light in the moving prism were c' + v(l — /*“*). The 
conception suggested by Fresnel is that the aether permeates 
the moving matter and is partially convected by it, being 
absorbed at the front surface and emitte<l again in the rear 
of it*. 

3. Fizeau's experiment. 1851. 

The truth of this explanation of Fresnel’s was one capable 
of experimental verification. Fizeau]* devised an experiment 
in which a beam of light was divided into two parts which 
traversed tw’o parallel tubes filled with water which could be 
set in motion wdth a measurable velocity. In the figure 
AB, CD represent the tubes. One portion of the beam of 
light starting firom S travels along the path SLMT being 

* It is easily seen that if a thick plate advances at right angles to its 
surfaces absorbing a fluid through which it moves and the fluid is conceived to 
be condensed within the plate to a density k times as great as its original 
density, and is emitted •again behind, the velocity of the condensed fluid 
within the plate is (1 — 1/k) times the velocity of the plate, the fluid outside 
being always at rest. 

t CompUs Sendue, 83 (1861), p. 849 ; Ann. d, Phj/s. 1868, p. 877. 
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reflected at L and M, while the other portion travels along 
the same path in the opposite direction. The two parts are 
then reunited, and interference is observed. 

The water in the tubes is then caused to circulate, moving 
in opposite directions along AB and CD, so that it is moving 
with one part of the beam of light, and against the other. 
A shifting of the interference fringes is at once observed which 
is proportional to the velocity of the water. 


A B 



Supposing that the velocity of light through the moving 
water is c' + kv, where c' is the velocity when the velocity v is 
zero, the times taken by the two parts of the beam to traverse 
the total path I in the water are respectively 

I . I 

c' + kv ' — c'-kv' 

the velocity v being in opposite senses for the two parts. Thus 
the retardation of the one beam relative to the other is 

^ _ I _ 2lkv 

c' — kv c' + kv~ c'® ’ ‘ 

neglecting (v/c')*. 

On measuring the displacement of the interference fringes, 
Fizeau found that Fresnel’s value for the convection-coefficient 
k, viz. 1 — fitted his results quite well. The conclusion was 
confirmed later by Michelson and Morley who repeated the 
experiment with modem refinements*. 

4. The aigniflcance of FrgsnePs convection* 
coefficient, and of Fizeau’s verification of it. 

The suggestion of Fresnel, and the experiment confirming 
it, exercised a j)ermanent influence, on the conception of the 

* See below, Chapter VI, pp. 63-<4. 
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nature of the means by which light is propagated. The velocity 
of light relative to a material medium is definitely shewn not 
to be a constant depending on the nature of the medium alone, 
but to be also dependent n the velocity of the medium through 
space, or rather through the aether which was .conceived by 
Fresnel to be at rest in space. 

The effect being a first order one, that is being proportional 
to the velocity, the experiment threw no light on the velocity 
of the earth itself, since the part of the effect due to this 
velocity remains practically constant, the variable part being 
proportional to the velocity of the water in the tubes relative to 
the earth. But henceforth it was clear that in respect of its 
optical propei'ties a material medium was in some sense modified 
by its motion. 

When at a later date light was identified as an electro- 
magnetic disturbance this became one deciding factor as between 
Hertz’ theory of electromagnetic phenomena in moving bodies, 
and that of Maxwell and Lorentz. Hertz' idea of a moving body 
was just an extension of the Newtonian idea of a rigid body in 
motion. The properties of the body were, entirely unchanged 
when it was set in motion, just as the dynamical mass of a body 
was unaltered ; and among other implications was the complete 
convection of light, "that is the invariance of the velocity of light 
relative to the body. In view of Fizeau's experiment it was not 
possible to maintain this theory, and other experiments soon 
shewed it to be lacking in other respects. 

Fresnel’s suggestion of the interpenetration of aether and 
matter therefore assumed greater prominence and became the 
basis of the later theory developed by Lorentz and by Larmor. 

5. The Michelson-Morley experiment*. 

The result of the ejcperiment of Fizeau, together with the 
fact of aberration, gradually told in favour of the notion of a 
stagnant aether. • 

In 1887 an experiment was devised and carried out by 
* Phil. Mag. Deo. 1887. 
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A. A. Michelson and afterwards with greater refinement 
by E. W. Morley which seemed to promise a possibility of 
determining the velocity of the earth relative to the aether, 
assuming it to be of the same order of magnitude as that of the 
earth relative, to the sun. "i 

Fizeau’s experiment, as has been pointed out, being a first 
order experiment, could only reveal the influence of velocity 
relative to the earth. In the Michelson and Morley experiment 
it was proposed to seek for an effect depending on the square of 
the velocity, and to avoid any question concerning the internal 
constitution of moving matter. The arrangement was as follows, 
the figure shewing the path of the light relative to the moving 
apparatus. 



A beam of light from a source S was divided by partial 
reflection at a plate of glass A into two portions travelling along 
the paths AM^, AM^. These two portions were reflected back 
by mirrors M, and and on striking the plate again, a portion 
of the beam from is transmitted and brought to interference 
with a portion of the beam from reflected along AC. The 
whole apparatus could be rotated into any position desired. 

The theory of the experiment. 

Suppose first that AM^ is in the dilution of the earthls 
velocity, relative to the aether, wh^h will be call^ v. Then 
since (c — v) is the velocity of light relative to the apparatus on 
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the forward journey and (c + t>) is the relative velocity on the 
return journey, the time taken by the light to travel from A to 
and back is 

C — + — W*’ 

where is the distance AM^. 

!£u considering the time taken to go to and back we have 
to take a ray whose velocity relative to the apparatvs is along 
which is assumed perpendicular to AM^. The relative 
velocity along this line will thus be (c® ~ v*)^, and the time taken 
is therefore 

2;,_ 

(c* - ’ 

where is the distance AM^. 

Thus the retardation in time of the former beam relative to 
the latter when they are brought together again is 

2 ?L__| 

If the apparatus is now rotated so that A Mi, comes into the 
direction of the light, li and change places, and the retardation 
is altered to 

2 I ^ ?i£_l 

l(c® — 

Thus the change in the retardation is 

I— ^ 

Ic* — V* (c® — t;®)iJ 

which, neglecting powers of (»/c) higher than the second, is 
equal to 

(ij + li) 

Alternative explanation. 

The following explanation, .alternative to that given above, 
and fig. 3 which illustrates the absolute path of the rays which 
interfere, may perhaps make the theory of the experiment a 
little clearer. 

At a certain moment t^ let As be the position of the moving 
c. R. 2 
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plate which divides the beam, and let us consider the paths of 
the two parts of the beam which are reunited at that moment. 
Let Ai be the position of the plate at time ti when that element 
of disturbance leaves Ai which, travelling by the path AiM^A^, 
arrives at .dg-at time t,. 

Then the time ti is found thus : 

AiAf = V ~ ti\ 

c (ts — <i) = .dj Jlfi + MiAt 

= 2 VZ,* + (ili^g/2)* 

» VST,* 

giving (c® - v®) (4 — tiY = 4^1*, 



C 

Fig. S. » 

In the same way let .d, be the position of the plate at the 
moment ^ of the emission of the element of disturbance which, 
travelling by the path dls-^s'd.g, arrives at d., at time 

Then A^A^ ** v 

-d-g dfg * 0 (t * 

dfgdg 0 (tf — t), 

where t is the moment of reflection. 
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Also is the distance of from the position of the plate 
at time t. 


Thus 

and similarly 
giving 

or 


2 V (x 

= (c — v)(T — ti). 
4, = (C +V)(«* — T>, 



1. 


c + v 




h 




2/,c 


Thus the disturbances which are united at time ^ at A, do not 
leave the plate A simultaneously, but at instants separated by 
an interval 

_ 2 Zi 2/2C 

Z\ — “ ■ . I 

and therefore will differ in phase by this amount,* exactly as 
obtained above. The question to be answered by the experiment 
is whether this difference of phase will be altered when the 
apparatus is turned round. 

Looking at the theory from this point of view it becomes 
necessary to consider whether the directions of the reunited 
parts of the beam will necessarily be the same. This in- 
volves the question of the reflection of a ray of light at a 
moving mirror. Let us consider this by means of Hnygjens' 
Principle. 

Let AB be a reflector placed at any angle a with 88' moving 
with velocity v in the direction 88'. Let AX be a plane wave- 
front incident on the mirror at A at a certain instant; at a 
small time r later, the unreflected portion of this will have 
advanced a distance cj being now part of the line X'N". In 
the same time the reflector has advanced a distance AA' = vt; 
so that, drawing A'^' parallel to AB to meet X'X in O', (7 is 
now the point of incidence of the wave-front on the reflector. 
Thus the reflection is exactly that which would take place at a 
fixed mirror in the position A C. 


2—2 
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In the same way, considering a ray incident on the other 
side of AB, moving in the opposite direction, we find that A'G' 
is the direction of the equivalent fixed mirror. 

X X' 


Y Z Y' 

Fig. 4. 

Thus if the mirror is set at an angle of 46° with AS' the 
reflected part of the beam at the Jirst incidence will be AM^ 
where the angle 

x1m,^2C'ag, • 

and the direction of the transmitted ray after its final reflection 
will be A' Z where 

YA'Z==2G'A'G. 

The condition that the reunited rays shall be parallel is that 

XAM^^YA'Z, 
that is that GA G' = G'A'G, 

and this is satisfied since the right-angled triangle ANG' is 
isosceles. * 

The resvlt of the experiment*. 

Interpreted according to this calculation, if the velocity of 
the earth relative to the aether was as much as a quarter of the 
* Miohelson and Morley, American Journal of Sci^e, 84 (1887). 
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velocity of the earth in its orbit, there should have been a dis- 
placement of the fidnges produced by the interference of the 
two beams of such magnitude that it could not have escaped 
observation with the apparatus used. But no trace of such a 
displacement was found. 

Morley and Miller* repeating the experiment in 1905 vrith 
8till*greater refinement, also came to the conclusion that there 
was no displacement, though they could have observed one due 
to one-tenth of the velocity of the earth. 


6. The FltaGerald-ilfOrents Contraction. 

If we accept the above results, as we seem bound to, as 
shewing the theory which has been given to be inadequate, the 
hope of determining v by this* means vanishes, and the difiSculty 
remains of reconciling the null result with the h3rpothesis of an 
aether which is not convected along with the optical system by 
the earth. 

FitzGerald t threw out a suggestion that i/ the aeiker 
can percolate through matter, it may affect the apparatus and 
change its dimensions when it is rotated. Such a suggestion had 
become feasible in view of the adoption of the electromagnetic 
theory of light, and the gi-owing knowledge of the electrical 
relations of mattei^. 

If such an effect is to nullify the change in the retardation, 
we must have, if are the changed lengths of AMi, AM^, 

1% l<iC l\ c li 

(c* — c*— c* — (c* — 


and this is satisfied if 

that is if either arm contracts in the ratio 1 : 



when 


« E. W. Iforley and D. G. MiUer, Phil. Mag. 9 (1905). 
t See Lodge, “ Aberaa&ou Problems,** PhiL Tratu. 184 a (1898), p. 727, also 
Presidential Address to the British Association, 1918. 

t E.g. Maxwell’s law oonneoting the index of rehrabtion with the dielectric 
constant. • 
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turned into the direction of motion, as compared with its length 
when at right angles to this direction. 

FitzGerald’s suggestion was not carried fiirther at the time, 
and it was left to Lorentz* to make it independently, shewing 
at the same time some plausible reason why a contraction of 
exactly this amount might be expected. 

The theory to which Lorentz was led in his investigations 
into the optical behaviour of moving bodies is so fundamental 
to the present subject, and is, if not always in its original form, 
so generally accepted, that some account of it must now be 
given. 

7. The null result independent of the material con- 
stituting the apparatus. 

Before this is done, however, we may note a fact of great 
importance for the general significance of the Michelson-Morley 
experiment. As first carried out the whole apparatus was 
mounted on a sandstone block which floated in mercury. In 
the repetition by Morley and Miller, the distance between the 
mirrors Was intentionally maintained by wooden rods. 

Thus if the null effect is to be explained by FitzGerald’s 
suggestion, the contraction of the right amount must auto- 
matically take place in two such different materials as sandstone 
and pine. It is difficult to think of this ac a mere coincidence, 
so that we are naturally led to think that, if we accept the 
contraction hypothesis, whatever the explanation of it may be, 
it is one that is universal and inherent in the constitution of 
matter, even down to the structure of the chemical atom. 

* Vtrmch einer Theorie der elektruehen und optiachen EraeJieinungen in 
bewegten KSrpem, Leiden, 1895. 



CHAPTER III 

THE ELECTRON THEORY 

1. The electron theoiy is based upon the fundamental 
assumption, that in the ultimate analysis all the electromagnetic 
properties of matter will be found to be due to the motions of 
electric charges, and that the equations of Maxwell for a 
stationary medium of specific inductive capacity unity and 
magnetic permeability unity are universally valid for deter- 
mining the field set up by the flow of electricity through it. 
That is, using e and b for the electric and magnetic intensity 
vectors, by a proper choice of units the differential equations to 
determine e and h, given the motion of the charges in the field, 
are 


dl owl h 

(I)> 

1 0h , 

^ = curl e 

c dt 

(11), 

p — div e 

(in). 

0 = divh 

(IV). 


2. Conservation of electric charge, and atonic 
nature of charge. 

These equations have an important implication which is 
characteristic of electron theory. 

From (I) and (HI) we obtain the equation 

|^-|-div(/»u)-0. 
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or — ffpi'^r 

for any closed fixed volume, which implies that a decrease in 
the amount of electricity within a given volume can only alter 
by the actual passage of electricity across the boundaiy, so that 
no electricity is ever destroyed but only transferred. 

It may be noted that it is implied in the equations as 
written that there is a unique velocity at any point. But they 
may be modified in such a way as to allow of two different kinds 
of electricity existing simultaneously at a given point and moving 
independently. The only modification required is the insertion 
of a sign of summation before the terms pU and p in equations 
(I) and (III). 

It is assumed in the further development of the theory that 
the electricity exists in small nuclei, each having a definite 
charge, and that such nuclei cannot overlap or interpenetrate, 
and that the electromagnetic properties of matter are those of 
aggregates of such nuclei But the atomic nature of electricity 
is an additional assumption not contained in equations (I) — (IV) 
nor explained by them. 

3. The incompleteness of the fiel4 equations. 

What is being attempted, in the construction of the electron 
theory, is to obtain a set of equations which shall be sufficient 
to determine the way in which all the electric charges and 
charged bodies will move, given the state of the whole field at a 
particular instant. 

Now the equations (I) — (IV) are not sufficient to do this. 
Given the motion of the charges through all time, and the values 
of e and h for all space at a particular instant, the equations 
will determine the values of e and h for •all time, but this is not 
the main problem of electrodynamics. 

The vectors e and h are not themselves capable of direct 

* Throughout the book dV will be used for an element of the volume of 
integration, and dS for an element of area. < 
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observation, they only become apparent at points where charg;e 
exista Lorentz therefore adds to these equations another, viz. 

F-p(e + [uh]/c) (V), 

where P is said to be the force “per unit volume acting on the 
charge or whatever carries the charge*. 

^his equation does not complete the set of equations in the 
sense mentioned above inasmuch as it introduces yet another 
variable P. 

If we suppose that the force acting on any element of charge 
is a quantity that can be directly measured, this equation 
attaches a meaning to the vectors e and h, or rather to the 
single vector (e + [uh]/c), at points where there is any charge, 
but for all other points e and h are so far nothing more than 
mathematical variables introduced for the purpose of calculation. 

Some other fact then is still required to complete the set of 
equations, and it is vital to the present discussion to consider 
what is the extra assumption made in Lorentz’s theory, and in 
other forms of the electron theory. 

It would be possible of course to assume a relation between 
P and the acceleration of the charge at each point, so that, given 
p, u, e, h at a given instant, we could successively determine 
the increments Se, Sh, 5u, Zp during a short interval of time St, 
and so from instant to instant in theory calculate the field for 
all time. Such an assumption is suggested by Newtonian 
theory, but for various reasons has not been adopted. 

4. The h 3 rpothesi 8 of purely electromagnetic inertia. 

The chief of these reasons is the rise of the belief in the 
atomic nature of electricity, demanding that at some point in 
the theory the electron or nucleus of electricity shall be treated 
as a whole and not in jts infinitesimal elements. 

This is done in two different ways associated separately with 

* [nh] here lepres^fb the vector-product of tt and h, i.e. a vector at right 
angles to u and h of magnitude | n| | h | sin 0, 0 being the angle between u and h, 
the sense of [uh] being such that a right-handed rotation about it is a rotation 
from the direction qf n to that of h. 
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the names of Lorentz and Larmor. The former introduces a 
geometrical assumption as to the distribution of electricity 
within the nucleus, namely that the nucleus at rest is spherical, 
and in motion is merely altered by undergoing a FitzGerald 
contraction ; 'thus the motion of every element of charge 
becomes dependent upon a single vector which represents the 
velocity of the electron as a whole. Lorentz then makes ‘the 


iissumption that the total electromagnetic force jjfTdV/o r the 


whole electron exactly balances the sum of any non-electromcgnetic 
forces on it. Thus a hypothesis of intrinsic inertia of electricity 
in its smallest elements is avoided at the expense of introducing 
an undefined mechanism for sustaining an arbitrarily selected 
distribution of charge within the electron. 


5. In a theory starting from the properties of the free 
aether Larmor assumes the charge to exist only as definite 
identical structures so small that they are treated as points, 
assuming that in this limiting case questions relating to such 
structures will not enter, so that p is taken to be zero every- 
where except at those points at which it becomes infinite. 

In this form of the theory the fundamental equations 
become ‘ 

1 IK 


1 ^ 
C 


= curl e. 


0 = div e, 
0 = div h. 


which appear to be complete *. But the kinematical assumption 
of Lorentz is only turned into the limitation that only those 
solutions will he considered which have singularities of a type 
corresponding to moving point charges of constant strength, the 
charge within any closed surface being measured by Gauss’ 
Theorem. 


* Aether and Matter, pp. 164-5. 
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Further when it is desired to connect the acceleration of 
the electron with the field in its neighbourhood, the structure 
of the electron has of cnrse to be considered, or an undeter- 
mined constant depending on them has to be introduced*. 

In this form ' of the theory the existence of other than 
electromagnetic forces is not contemplated, the field equations 
being supposed to determine the whole sequence of changes of 
the system. 

The chief disadvantage of this form of the theory is that it 
appears in certain respects to have departed too far from the 
facts of experience. Thus for instance we can obtain a solution 
of the given equations by taking the ordinaiy electrostatic field 
of two point charges at rest. Hence if the given set of equations 
contains the whole of the laws of motion of charges it seems at 
first sight possible for two point charges to remain permanently 
at rest relative to one another under no forces other than those 
due to their own fields. The fundamental fact of the repulsion 
between two charges is thus lost sight of, and can only be 
recovered by reference to the structure of the electron after 
the manner of Lorentz and by the introduction of mechanical 
concepts such as that of the principle of least actionf. 

According to the Lorentz form of the theory an electrostatic 
field is impossible without the introduction of other than electric 
agencies, since otherwise there would be an uncompensated 
force on an electron contrary to the assumption stated above 
(| 4). If there are no non-electromagnetic forces, then each 
electron will so move that the total force acting on it is zero, 
this force being due partly to the other electrons in the field, 
and partly due to the field of the moving electron itself. 


6. It will be seen fi:^m this brief account therefore 

(1) that in building up a theory from the differential 
equations of the field, it has not been found possible to remove 
entirely the mechaifical conception of force or else energy as 
determining motion. 


* Aether*and Hatter, pp. 94-8. 


t Cf. Utid. 
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(2) that the electric and magnetic intensities are not 
quantities capable of direct observation, and 

(3) that the field equations which have been stated are not 
completely determinative for a system of electrons without 
further assumptions. 

These three remarks have an important bearing on .the 
argument which follows. 

7. On the Frame of Reference of the ftindamental 
equations. 

For the sake of clearness it is very necessary here to state 
what is assumed of the frame of reference or ‘the aether’ which 
is its objective equivalent. Naturally, in the theory as generally 
stated, we find traces of its history, and there is no doubt that 
the aether had been likened mentally, ever since the time of 
Faraday, to some kind of material medium. 

M. Laue in his book on the Principle of Relativity remarks 
that it is a fundamental postulate of the electron theory, that 
“ the aether is a rigid body, permeating everything, and so 
defines a unique system, to which the field equations are re- 
ferred*.” On the other hand Sir Joseph Larmor referring to 
the principle of relativity says'f* that if admitted in its universal 
form it implies “a complete negation of any q^thereal medium.” 

In view of these and similar statements, which indicate a 
general feeling of a need for an actually existing medium as 
that of which matter is but a partial manifestation, it is neces- 
sary to bear in mind that the conception of an objective a«ther 
filling all space has throughout its history been based entirely 
upon a mathematical analysis of the action between matter and 
matter, not upon any perceived properties of space apart fi*om 
matter. The experiments which have, been described above 
were undertaken with the sole purpose of giving a greater 
definiteness and concreteness to the conception of this medium 
by the discovery of its velocity relative to material objects. 

* Das Relativitatsprinzip, p. 29. 

t Report of Mathematical Covgresa, Cambridge, 1912, p. 214, footnote. 
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For we cannot, in our ordinary ways of thinking, speak of 
anything as actually existing, still less as being a rigid body, 
unless we can speak of it as having the geometrical properties 
of position and motion. 

The remarkable fact is that all efforts have signally failed 
to establish these very properties. It is therefore far from 
justifiable, either to speak of the aether as a real rigid medium, 
or on the other hand to say that such a rigid medium is required 
as a firame of reference or to say that such a medium defines the 
frame of reference. 

On the other hand the fact of the propagation in time of 
light and electromagnetic disturbances will always be a suf- 
ficient ground for a belief in some reality by means of which 
the transmission is effected. But all that is agreed as to this 
medium at present is that its state at any point, as far as 
electromagnetic propagation is concerned, may conveniently be 
represented by two vectors e and h*. What is the relation of 
these two vectors to a possible distribution of velocity or strain 
throughout the medium it is for the moment irrelevant to 
discuss. It may well be remembered too in this connection that 
at the present moment the sufficiency of the existing conception 
of the aether to jgive an account of the results of modern 
experiments on radiation is being called in question. 

Loren tz in expounding his theory saysf “We shall add the 
hypothesis that though the particles {electrons') may move, the 
aether always remains at rest." On examination, however, 
we see that the hypothesis that “ the aether remains always at 
rest ” does not enter into the discussion, • The only thing that 

* For further remarks on the concept of the aether see Larmor, Aether a/nd 
MatUr, p. 76, § 46, and especially the first paragraph of § 47, p. 78, from which 
we may quote the followingcpassage : “...At the same time all that is known 
(or perhaps need be known) of the aether itself may be formulated as a scheme 
of differential equations defining the properties of a eotUinuum in space, which 
it would be gratuitous fb further explain by any complication of structure ; 
though we can with great advantage employ our stock of ordinary dynamical 
concepts in describing the succession of different states thereby defined.” 

t Theory of Eleatrona, p. 11, 11. 18, 19. 
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suggests this is the fact that the field equations do not contain 
in the simple form in which they are stated any mention of 
velocity except that of the charges. Perhaps some support 
for the supposed necessity of the hypothesis lies in the 
similarity between the equations and those obtained by 
MacCullagh* in endeavouring to connect optical phenomena 
in a material media with the propagation of geometrical 
disturbances, in the medium, by elastic forces. The simi- 
larity only holds in case the elastic material medium which 
MacCullagh developed as the agency of transmission is con- 
sidered to be as a whole at rest. The likening of the aether* to 
a rigid medium at rest is however an example of the habitual 
practice, often helpful, sometimes misleading, of visualizing an 
abstraction in the form of an object of common experience f. 

Just as in the case of Newton’s Laws of Motion, then, the 
definition of the frame of reference is in the laws which describe 
the phenomena, and not in a medium conceived to lie behind the 
phemmena. We shall see in the next chapter that the defini- 
tion is not unique, that the same degree of arbitrariness which 
exists in the dynamical case exists here, so that the electrical 
theory of matter brings us no nearer to a conception of an 
absolute frame of reference than does a purely mechanical 
theory. 

* MacCullagh, CoUecUd Works, p. 145. 

t Compare the illustration developed by Larmor, Aether and Matter, 
Appendix £, of the properties of the aether, by a kinematia model in which the 
magnetic intensity is represented by the velocity of the medium and the 
electric intensity by the rotational displacement curl ((, 17 , j*). 
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CokRELATION OF STATIONARY AND MOVING SYSTEMS 

1. We have now to consider an important property of the 
field equations of the electron theory, the discovery of which 
was entirely responsible for the formulation and discussion of 
the Principle of Relativity as it will be described in the subse- 
quent chapters. 

It would not serve much purpose here to describe in detail 
the way in which this property was discovered in the first place 
to a first approximation, then to a second approximation and 
finally in its completeness. References to this are given below *. 
A great stimulus to the work which led to the discovery was 
supplied by the null results of eai-ly experiments devised for the 
determination of the velocity of the earth relative to the aether, 
notably that of Mascartf, repeated later by Rayleigh. These 
were first order ejqperiments, the Michelson-Morley experiment 
being the first attempt to investigate the possibility of a second 
order effect. 

2. We assume first that ‘a’ frame of reference exists for 
which the fundamental equations hold. 

In endeavouring to examine how electrical phenomena 

* For the gradual evolving of this property of the equations see (1) Lorente, 
Venueh einer Theorie der elektritehen und optischen Ersekeinungen in bewegten 
Kdrpem, Leiden, 1896 to the first approximation; (9) Larmor, Aether and 
Matter, Cambridge, 1900, O^ps. X and XI to the second order of approxima- 
tion; (3) Lorentz, Amterdam Proc. 1904, p. 809; (4) Einstein, AnnaUn der 
Physik, 17 (1905). (1), (3) and (4) have been republished together, Das Rela- 
tivit&tsprinzip, Leipzig,^ 1013. See also Lorentz, Theory of Electrons, p. 198, 
footnote (1). 

t Masoart, Annates de Vieole normals, 3 (1874). Rayleigh, Phil. Mag. (6) 4 
(1902), p. 216. 
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behave to an observer moving uniformly relatively to this 
frame of reference with a velocity v (which will be taken parallel 
to the axis of x), the first step will naturally be to take a new 
variable 

«' = x — vt, 

so that the observer has a constant coordinate x\ 


When this is done the equations lose their original sim- 
plicity, but it is foiind that, by a further modification of the 
variables as follows, the original form can be recovered. 


Putting 

where 

and also putting 
and 


X — ^x' — fi(x — vt), 
/S = (l 

Y = y, Z=z 



(A), 


we have, being any function of (x, y, z, t). 


^ _ V 8-<fr \ 

\dX V- dTj ’ 


dt ~ ^ [d'T 



dyjr _ dyfr 9 “^ _ 9 '^ 


and the original equation (I) (p. 23) becomes in Cartesian 
cooniinates 


^ _ »i j. 

cV9r 9^y c~w Tz' 


^ I, 4. P'^y o ^ ^^z\ 

c\dT c'~dZ 


^ (^^z _L P^z ^ o f ® ^^y\ 9^* 

c\dT ^dx)'^ c \dx~ <^w)~wy' 


The second and third of these can be written 
1 /dEy . \ dH^ dH^ 

c\dT^p^v~ dz 'dx^‘: 



dX^ 

dY 


(V). 

(lA 
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where 

H,^K, Hy=${hy + le^, H,^^{h,-ley)^ 
These last equations, on solving, give 
ey^^{Ey + lH^, 


3d 


(«). 


Making the substitutions (S) in the first equation of (I) we 
have 


/3f^ 
c \dT 



while (IV) becomes 



c* dTJ^^KdY^ 




dE^ 

dZ 


c~dz ) 


p‘ 


Multiplying this by v and adding to the preceding equation 
we have, remembering that /S* = (1 — 

1 { BZx , a / 0 dSz 9-fly /T /\ 

<™'>' 


and also 


BEx 9 fly BEz 

W^W^Tz 


3. If we take the equations of Larmor in which p = 0 the 
equations (!') and (IIIO may be written in the form 

1 9B „ 

cQ^-curlH, 

Oa=DIVB*, 

which are of the same, form as the original equations. 

dJEf \ 

* C0B1. 1 , etc. j , and so for mt B. 


c. R. 


3 



34 CORRELATION OF STATIONARY [iV 

In the more general form if we put* 

(«• 



the original form is also restored. 

But it remains to attach a significance to the quantities so 
introduced in the equations (a), (/9), (B). 

On treating the equations 

1 db. , 

xr = curl e, 

c at 

div h = 0, 

we find that exactly the same changes of variables lead to the 
equations • 

“ c 02’ “ ® 

mvH=0..... (IV'). 

The change of variables contained in the equations (A), (a) 
above will henceforth be called the Lorentz Trans/ormation, as 
its use in the present connection is chiefly due to his work. 

* LorentZi in his original paper {AmsU Proc. 1904), puts 

Z/gg“Ugg — Vf ZTy^Uyf 

This does not make the correlation exact except for the eleotrostatio case, 
with which he deals more particularly, and farther these valuee of Uy, Ug 
are inconsistent with those of X, T, Z, T, See below, 8 4, p. 54. Einstein was 
the first to give the complete transformation in this form^ 
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4. The application of the laorentx Transformation. 

Taking first the equations of Larmor, assumed to bo complete 
as . determining the sequoT 3e of phenomena in a system, the 
transformation above described effects a correlation between 
two solutions of the same equations ; that is, if the history of a 
certain system of electrons is given by the equations 
c — f (®i y» ■3'j 0» h = f (a;, y, z, t) j 
then on.making the substitutions (A), (a) of the preceding section 
we obtain 

E =F(X. Y, Z, T). F, Z, T), 

F and Fj being known in terms of f and f and the velocity v, 
and these new functions are solutions of the same field equations 
with the space-time variables {X, F, Z, T) ; or reverting to the 
old variables 

C] = F (.?/■, y, z, t), hi = Fj (x, y, z, t) 
give a new solution of the original equations. 

If we compare the two solutions of the equations thus cor- 
related wo see 

(i) That infinite values of e and h correspond to infinite 

values of Ci and h,, and vice versa. 

It will be shewn later that if an infinity of e and h 
is of the kind arising from a point charge, then the 
corresponding infinity of Oi and hi corresponds to 
an exactly equal point charge*. 

(ii) That a point at rest in the original system corresponds 

to a point moving with velocity —v in the derived 
system ; for since 

x = + vT), 

if X is constant X -t- vT is constant. 

* See p. 57. This is shet^ by Larmor, Aether and Matter, p. 175, § 111, to 
be tme to the order (v/c)* for the case wh^ the charge in one of the systems is 
at rest, and is assumed to true generally. This is as far as the tseatmMit of 
the structure of an electron as a point allowed him to go as regards the general 
transformation. For the original treatment of the significance of this correla- 
tion see pp. 175 ff . of that work. 


3—2 
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( 

(iii) That the distance d between two stationary points 
on a line parallel to the axis of d; is . repre- 
sented in the correlated system by a moving length 
d(l — For if a;, and are independent of t 

we have, comparing values of Xi, for the same 
value of T, 

Xi=fi{Xi + vT), 

dJa = {X^ + vT\ 

giving dJa-a?, = ^(Z 2 -X,). 

The importance of (i) lies in the feet that in a theory oi the 
constitution of matter in which the elementary constituent is a 
point charge, the magnitude of that ultimate charge is taken as 
an absolute and universal constant. The experimental evidence 
for this is mainly derived from Faraday’s laws of electrolysis of 
solutions, except in so far as the approximate values determined 
from very different phenomena are in fairly close agreement 
with one another. But the hypothesis that the charge of an 
electron is a perfectly definite quantity is the only one that we 
have to replace the hypothesis that the mass of a material 
particle is a definite constant. 

5. The significance of the correlation. 

In the two systems thus correlated we Have an exact corre- 
spondence of charges satisfying the same equations, and the 
suggestion is therefore made that the two systems are equally 
capable of actually existing*. 

If the first system were a system of charges at rest in the 
aether, the second would be a system of charges all moving with 
velocity v, the relative positions being unaltered .save for a 
uniform contraction of the whole in the ratio 1 : (1 — w*/c®)^ in 
the direction parallel to the^ velocity. 

If the first system were a material b^y at rest in the aether, 
assumed to be internally instituted of moving electrons whose 

* Cf. Chapter XVI, p. 206, where the correlation o! two aysteme is taken as 
a criterion of equal probahiUty, and the bearing of this on the aatomatic 
contraction is farther consider^. * 
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motions are determined by the field equations, the correlated 
system would in its properties in hulk be a body moving with 
velocity — v, its figure beir j that of the original body contracted 
in the same ratio. 

IVom this it is argued that this contraction will actually 
and automatically take place if the body is actually set in 
motion from rest in the aether to a velocity — v, though of 
course it need hardly be said that the acceleration must be very 
gradual, or internal disturbances will be set up. The corre- 
spondence is between the normal state of the body at rest and 
the normal state of the body in motion. ■ A reasonable explana- 
tion is thus given of the origin of the contraction suggested 
by FitzGerald and Lorentz to explain the null effect of the 
Michelson-Morley experiment. 

6. The argument of Iiorentz. 

Historically Lorentz dealt with this question earlier than did 
Larmor, and his earlier treatment brings out a point which does 
not appear in the argument that has been just summarized. 

We have seen that the fundamental equations of Lorentz have 
to be supplemented by some further assumption in order to make 
them complete, such as for example an assumption as to the shape 
of and the distribution of charge within the electron. 

Now if an argument similar to the above is to be applied 
to the equations of Lorentz, the geometrical correlation must 
extend to these additional assumptions; an electron at rest 
must be correlated in all its properties with one in motion. 
The equations (B) must be a consequence of (X), and (/8) must be 
consistent with the hypothesis of invariant charge*. 

Thus Lorentz has to assume'f, for example, that if the 
electron at rest is spherical, an electron in motion must be an 
oblate spheroid whose shorter axis is equal to the longer multi- 
plied by (1 — • 

I 

* These statements shewn to be justified below — seo Chapter YI, § 4, 
PP-66-7. 

A This does not appear in the first discussion by Lorentz, it was not 
introduced until 19Q^ (see footnote, p. 31, (8)). 
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Further if other than electromagnetic forces are allowed as 
taking part in the determination of the configuration of a system, 
these must be assumed to be correlated for the two systems in 
the same manner as those of electromagnetic origin. The exact 
nature of this correlation is not elucidated by Lorentz*, in fact 
he does not pretend to give a complete theory of the matter. 
His treatment Civn only be said to point towards an explanation 
of the FitzGerald contraction. But quite enough emerges from 
his analysis to shew the important fact that, in the light of the 
known part which electrical forces play in the constitution of 
matter, wo are hcntnd to recognize the possibility of changes in 
the shape and properties of material bodies when their velocity 
is altered, and also that the Newtonian conception of a rigid body 
us one having a permanent configuration independent of its velo- 
city is one which is not even approximately realized unless that 
velocity is very small compared with that of light. 

7. The eacperimeiitB of Rayleigh and Brace. 

Following up this idea it occurred to Lord Rayleigh f, still 
thinking in terms of an actual fixed aether, that if an isotropic 
transparent body did actually experience a contraction as the 
result of its motion through the aether, it would seem to be no 
longer isotropic in its constitution, and that therefore there 
might result a double refraction if a beam of light traversed 
it in a direction obliquely to the direction of motion^. On 
testing the matter he found no trace of such double refraction. 
Brace§ repeating the experiment with greater precision also found 
none; though the accuracy of his experiment was such that 
he would have detected an effect equal in magnitude to one 

* See below, p. 169, § 8, and footnote. 

+ Rayleigh, Phil. Mag. (6), 4 (1902), p. 676. The expectation of a positive 
result .in this or any other experiment was demurred to by Larmor when this 
paper was read at the British Association meeting at Belfast (Sept. 1902) on the 
ground of the argument up to second order phenomena given in Aether and 
Matter, Chap. XI. 

X No such effect would of course be expected f&r.a beam parallel to the 
direction of motion, as we should expect the optical properties to be sym- 
metrical about this direction. • 

§ D. B. Brace, Phil. Mag. (6), 7 (1904), p. 317. 
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fiftieth part of that which would be produced by a contraction 
of the same magnitude produced by a mechcuiical pressure, or 
one hundredth part of th t which Lorentz calculates would be 
produced by a simple closing up of all the particles of the re- 
imcting body without otherwise altering their properties*. 

Thus if we are to admit the FitzGerald contraction as a 
means of explaining the Michelson-Morley experiment, then 
whatever the mechanism determining the optical properties of 
a transparent body, we must contemplate the possibility of this 
mechanism being subject to such compensating modifications as 
will neu tralize the effect of the contraction. Lorentz, for example, 
is able by employing the conception of the electron mentioned 
in § 6, to explain the compensation as due to a difference in 
the effective mass of the electron for vibrations in different 
directionsf. 

8. The experiment of Trouton and Rankine^. 

With the same idea which prompted Lord Rayleigh’s ex- 
periment, it occurred to F. T. Trouton that, taking a conducting 
body instead of an insulator, the FitzGerald contraction would 
produce an inequality of the conductivity of the body in different 
jiirections relative to the earth’s motion. But experiments 
carried out by A. :0. RankineJ vdth the greatest of precision 
made it clear that there was no change in the current to the 
order of the fraction (v/c)* when the bar of metal conducting it 
was rotated in all possible directions. 

Again therefore it follows that if the contraction exists, 
there are compensating modifications in whatever may be the 
mechanism of conduction. 

9. The experiment of Trouton and ]Kroble§. 

This experiment is of a slightly different nature from those 
which have been described as it deals with an expected me- 
chanical effect instead of an optical or electrical effect. 

e 

* Lorentz, Theory of Electrons, § 186. 

^ t Ibid. p. 217. t Froc, Roy. Soc. (A), 8 (1908), p. 428. 

§ Froc. Roy. Soc^^72 (1903), p. 132. Also Fhil. Trans. 202 (1903), p. 166. 
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The idea of the experiment ia moat aimply expressed by 
taking the example of two equal and opposite charges, moving 
with the same velocity in parallel directions, the line joining 
them making an angle with the direction of the velocity which 
is not zero or a right angle. 

Let the two charges be A and B and let them be moving 
with velocity v in the direction of 
the axis of t, taking A to be the 
origin and the coordinates of B 
to be (f, 17, 0), ^ and 17 being posi- 
tive. Then the motion of A along 
the axis of x (this charge being 
supposed positive) produces a 
magnetic force at B parallel to 
the axis of z, and the negative 
charge moving across this field 
parallel to the axis of x is subject 
to a force jiarallel to the axis of y 
while the positive chai’ge A is urged with an equal force in the 
opposite direction. 

Thus if the charges were mounted on a bar which could 
turn about its centre, the bar would according to this rough 
theory be acted on by a couple tending to turn it into a direction 
at right angles to that of the motion of th<5 charges, the couple 
being proportional to the square of either charge and to the 
square of the velocity. 

In the actual experiment the charged bodies were the plates 
of a condenser, which was suspended by a thread, and a rotation 
of the condenser as a whole was expected when it was charged 
or discharged. But no rotation of the order expected was 
observed. The greatest deflection observed on the scale was 
*36 cm., while the deflection indicated by the calculations was 
in some of the experiments as much as 6*8 cms. 

In this experiment we are dealing with a direct comparison 
of forces indicated by existing electromagnetic theoiy with the 
ordinary mechanical property of the inertia of a^rigid body. Tfius 
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the compensation observed in the region of optical and electrical 
effect appears to extend into that of mechanical forces. The way- 
in which this compensatioi arises will be seen later when we come 
to deal with thejnechanical bearing of the principle of relativity. 

10. The significance of these experiments. 

Thus it appears that if the hypothesis of the stagnant aether 
is to be maintained, we must admit that the correlation which 
we have seen to exist with reference to the fundamental 
electromagnetic equations must extend to at least some of 
that unexplored mechanism upon which the mechanical, optical 
and electrical properties of bodies depend. 

It was with the hope of throwing further light on this fact that 
Lorentz developed his theory of the contracting electron in order 
to make mortj complete the coiTclation described above. But 
even then he ha<l also to assume that the so-called ‘ elastic forces,’ 
which in the theory of a dielectric body balance the electro- 
magnetic forces acting on a particular electron and control its 
vibrations, were subject to a special modification to fit in with 
the general correlation. There are thus two distinct hypotheses 
ad hoc, neither of them following- out of electromagnetic theory, 
each chosen for the sole reason of extending the correlation be- 
tween different frames of reference which is possible in the case 
of the purely electromagnetic equations. That is, unless we are 
content with a general assumption that the electromagnetic 
equations in Larmor’s form are sufficient to govern the whole 
of the electrical and optical propei’ties concerned in the ex- 
periments referred to*, we have to admit that the general 
correlation between moving and stationary systems is more deep- 
seated than the electromagnetic equations themselves. 

It is because the experimental evidence extends into regions 
where existing electricAl theory is insuj^cient, that the principle 
of relaiivity becomes of importance as a supplemeivtary and in- 
dependent hypothesipT 

f That is, to one part in 10* without analysing the physioai struotuie of an 
eleotron. 
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EINSTEIN ON THE RELATIVITY OF SPACE AND TIME 

1. We have now arrived at the stage at which EL.stein 
introduced into the discussion an entirely novel point of view*, 
the point of view which is characteristic of the Principle of 
Relativity, a name which he was the first to introduce. 

It will be well to recall the remarks made in the first chapter 
concerning the way in which the measurements of space and 
time are conditioned by the Newtonian Laws of Motion. From 
what was said there it will be seen, that if the Universe, as 
Laplace had once hoped f, is governed by those or some equi- 
valent laws, as for example by the Principle of Least Action, the 
frame of reference which is necessary for the analytical expression 
of the laws is by no means unique. Within the realm of purely 
dynamical phenomena if the axes are such that (.«, y, z, i) are 
valid space and time coordinates, then < 

x'=:x — uty 2^=z—wt, 1f=t 

give a set of space and time coordinates which are equally valid 
for the purpose of applying Newton’s Laws of Motion or the 
Principle of Least Action in its ordinary dynamical form in 
which the kinetic energy of a particle is proportional to the 
square of its velocity. Thus if there are no phenomena of which 
we have cognizance which do not fall within the application of 
these laws, there is no meaning to be attached to the term 
absolute position, or absolute velocity. Rut certain quantities, 

* Anmkn der Physik, 17 (1905). 

t “ The discoveries of the human mind in mechanics and geometry, joined 
to that of universal gravitation, have brought it within reach of comprehending 
in the same analytical expressions the past and future states of the systemii of 
the world.” E$iai philotophique mr la probabilitei, p. d^JParis, 1819. 
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force, acceleration, mass, which have the same value whatever set 
of coordinates is used, have from this point of view a concrete 
significance for the particu' ir phenomena under observation. 

Now we have seen in the last chapter, that there exists m 
the realm of electrodynamics a similar invariant prcTperty of the 
fundamental equations. 

If we adopt Larmor’s scheme in which those fundamental 
equations are the sole laws governing the changes in a system, 
it follows that toe have absolutely no means of distinguishing 
between any set of space-time variables (so, y, z, t) tvhich is 
known to he valid, and the set (sc', y', z’ , t') determined from 
them by the equations 

x' = ^(sc-vt), y' = y, z' = z, t' ^{t-^-^ 

/9 = (l-vVc*)-i; 

since, as has been pointed out, e and h, the other variables in 
the equations, are not quantities capable of direct observation ; 
they are only measured indirectly by observations of the motions 
of the electrons or their aggregates. They are in fact eliminated 
from the equations in. obtaining any result capable of experi- 
mental verification. This point is so important, that it may be 
allowable to emphasize it further. 

2. Coincidence the only exact form of observation. 

The actual observations made are entirely dependent upon 
simultaneous coincidences of position. If distances are measured 
it is by securing a simultaneous coincidence of two points 
on a measuring scale with two points whose distance is re- 
quired. This would include, for instance, the observation of 
interference finnges in optical experiments. Forces again cannot 
be measured directly, but only by means of an instrument de- 
pending on the same method. An electric current is measured 
by means of a galvanometer, the measurement being again 
made by observing «, coincidence of a spot of light or a pointer 
with a mark on a scale. Every efforl^ is made to eliminate any 
element of persoijal judgment as to distance or time intervfd. 
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and only in so far as this is done are the results considered to 
be reliable. 

The available test of the validity of the scheme of equations 
of the electromagnetic theory is therefore the comparison of 
observed coincidences with coincidences deduced from those 
equations by elimination of electric and magnetic intensities and, 
in the derived equations for material media, of such quantities 
as current strength, polarization, etc. ; and when we speak of 
the validity of the scheme of equations, since they comprehend 
the whole of the phenomena which are under consideration, we 
include, not only the validity of the relations between the 
eliminated variables and the space and time variables, but 
also, what is far more important, the validity of the system of 
meamrement of space and time themselves*. Now in the trans- 
formations (A), to a givtm set of values of (x, y, z, t) corresponds 
a unique set of values (.•»', y', z', t'), so that what is described 
as a coincidence when the former quantities are employed as 
coordinates in space and time is equally well described as a 
coincidence when the latter are adopted in their place. 

Every electromagnetic chain of phenomena is in a sense an 
electromagnetic clock and space-scale. It is in the mutual 
agreement of all such measuring instruments that the possi- 
bility of theoretical science lies. If it could be shewn that 
there were phenomena, not included withiri the scheme of the 
equation in question, which furnished an independent measure 
of space and time, the two measures would have to be con- 
sistent, or else one must be made fundamental, and the other 
treated as approximate, incorrect, or of only limited application. 

To grant the completeness of Larmor’s scheme is therefore 
to admit the impossibility of determining phj^ically a unique 
system of variables (a?, y, z, t) which may be called absolute 
space and time variables ; or in other A^^ords it is to admit the 
impossibility of establishing the uniqueness of the aether — the 
term ‘aether’ being here understood merely as the frame of 

* Gf. the discussion of the concept of time in Mach, Science Meeha^ju!8, 
2nd ed., 1902, pp. 222-6. 
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reference, to which the mind is apt to give a certain degree of 
substantiality. We must remember however that we have no 
guarantee that we can igno-e the structure of the electron. The 
theory of Lorentz takes it into account, and equally well explains 
the results of experiments. 

3. DiscuBsion of the correlation of systemB following 
liorentz’B equationB. 

Turning now to the scheme as proposed by Lorentz, which 
includes ‘ electric density * as an ultimate variable, it has been 
pointed otit above that it is not complete as a purely electro- 
magnetic scheme. If we therefore attempt to apply the same 
argument as that in the last section to a system constituted 
siccording to this scheme, we are bound, as was pointed out 
above, to assume that the correlation extends to all such ad- 
ditional hypotheses as are necessary to render the scheme a 
complete description of all the phenomena involved. If this is 
done we shall arrive at the same conclusion as that in the last 
section, that the frame of reference for the fundamental equations 
is not uniqtiely definable. On the other hand if the constitu- 
tion of matter is determined partly by the equations of Lorentz, 
Sind partly by considerations which cannot be fitted into the 
correlation, the nulj effect of the experiments of Michelson and 
Morley, Rayleigh and Brace, Trouton, Noble and Rankine 
remain unexplained. 

4. The Relativity of the meaeuree of Space and 
Time. 

The work of Lorentz and Larmor, in succeeding in ren- 
dering a partial account of what may be called eaperimentaX 
relativity, that is the feilure to find evidencje of absolute motion 
relative to the aether, has thus incidentally set on foot a 
revision of the concepts of space and time. Both these writers 
speak always of the aether as an objective reality, but assign to 
it properties which, must for ever conceal the fact of uniform 
motion relative to it; although the idea of such a relative 
m<9tion seems inseparable from an objective medium. Assuming 
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the objective medium as defining a special fiame of reference, 
in which the variable t is called the ‘ true time,’ the correlated 
variable T for any other fiame of reference is called by some 
such name as ‘effective time.’ 

It is fundamental to the point of view associated with the 
principle of relativity that if there is no means of physically 
determining which of all possible frames of reference is tlbot 
which is at rest in the aether, then of all possible time variables 
no one is rightly named more than any other the ‘ true ’ tim^. 

This position was first clearly brought out by Einstein* in 
his paper of 1905, whore, instead of beginning fix)m a precon- 
ceived theory of the nature of electromagnetic phenomena and 
their place in the constitution of matter, he starts from a single 
hypothesis, namely that of the propagation of light with equal 
and constant velocity in all directions, not only relative to a single 
or unique frame of reference, but relative to any one of the 
triply infinite set of frames of reference which are ecjually valid 
for the purposes of dynamics. 

This h 3 q)othesis wiis of courstj startling in view of the funda- 
mental jjlace that space and time had held in earlier thought. 
It was only possible in the light of such considerations as have 
been advanced above. Einstein saw that if the result of the 
Michelson-Morley experiment is accepted, oiir ordinaiy ideas as 
to the measures of time and space must be seriously mcxlified. 

5. The meaning of the term * aimultaneous.* ■ 

The first difficulty seems almost to have arisen straight out 
of the theoiy of that experiment. 

Let A, B be two points supposed to be at a fixed distance 
apart, and let a ray of. light be emitted from A and reflected at 
£ so as to return to A. 

c 

Now, according to the customary view, if A, B are conceived 
to be at rest in the aether, if t^t and tj^ are the instants at 
which the signal starts from A and arrites back at A the 

Einstein, Annalen der Physik^ 17 (1905), pp. 891-7. 
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moment of reflection ts will be considered as instantaneous with 
the instant {tji + tji')l2. 


We will write 

On the other hand if A and B have a common velocity v in 
the direction AB and the corresponding times are denoted by 
T^, tb, Tji' and the longfth AB by I, we have 

I 


Thus 

giving 


Ta — t«= 


I 


c + w 

(Ts - (c - v) = (t/ - Tfl) (c + v). 


Th = 


2c 


.( 1 ). 


Thus in this case the time of reflection is not the .arithmetic 
mean of the times of start and return. 


We see therefore that if the Michelson and Morley 
conclusion were universally valid the phrase * simultaneous 
occurrences at different points * would have no meaning until 
the velocity of those two points was stated, for depends not 
only on ta and rf but also on v. 

6. Criticisms hdvc been raised against this conclusion on 
the ground that we are not ultimately dependent on light 
signals for communictition between different places, and that 
the ultimate measure of time in practice is the periodic rotation 
of the earth. 

But of the latter objection it must be noted that the rota- 
tion of the earth relative to the fixed stars can only be measured 
or observed by the use of optical methods, and of the former it 
must be said that the objection to the suggested means of com- 
munication for the purpose of comparing time at two given 
places is one which, ^ould apply to any other means involving 
material media through which disturbances are conceived to be 
prd|)ag^ted with finite velocity. 
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If it could be shewn that for a stated velocity of the points 
A, B & standard of simultaneity could- be set up by some 
physical means which differed from that expressed by the 
equation (1), the objection would hold; but the only other ways 
of doing this would involve communication by means of some 
materia] medium whose properties we have already learned to 
think of as capable of modification through space, so that ag^n 
the criterion would probably depend on the velocity assigned. 
For the present therefore wo seem compelled to fell back on 
Einstein’s method of light signals for the control of the standanls 
of time at different places. 

There may possibly seem to be an alternative in gravitation 
as a connecting link between bodies independent of material 
media which is often said to be propagated with infinite velor 
city. But the laws of propagation of gravitation are entirely 
unknown, and in the circumstances, the only possibility seems 
to be to consider what the principle of relativity implies with 
regard to gravitational foix;es, and if possible to compare the 
implications with astronomical evidence*. 

7. On the length of a moving body. 

The definition of the ‘length’ of a moving rod as ordinarily 
understood would *be the distance between t;wo stationary points 
which arc occupied simultaneously by the two ends. 

If there is any doubt or ambiguity therefore about the terms 
‘stationary’ and ‘simultaneous,’ a corresponding doubt is at once 
thrown on what is to be understood by the distance between 
two moving points. 

If we assign a special value to the velocity v then the 
equation (1) becomes effective as a means of determining 
simultaneity and then the length of the rod becomes a definite 
quantity. But if v is not known, the iength of the rod must 
be admitted either to be indefinite or else not to agree with the 
above definition which is taken for granted in all our usual 
modes of calculation. 


See Chapter XUl, pp. 178-180. 
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8. Transformations of space and time Tarlables 
which leave^the Telocity of light unaltered. 

From this point of view Einstein proceeds to consider what 
amount of arbitrariness in the space and time variables is con- 
sistent with the fundamental assumption of a given velocity of 
propagation of light in all directions. 

Limiting the consideration to linear changes between the 
variables*, and to such changes that a point at rest in one 
system of variables corresponds to a point moving with uniform 
velocity in the other, a velocity which we will take to be v in 
the direction of the axis of x, we are limited to changes of the 
type 

X =h{x — vt), y' = ly, z' = Iz, 
t' = OLx + yQy + yz + St. 

As a consequence of those equations, the equation 

i»* 4- y* 4- = c*t* 

is to lead to a?'® + y'^ + = cH'‘. 

Substituting in the last equation we must have 

ifc® (« - = c® (ax + ^y +.yz + 5«)® 

}• 

equivalent to . «* -H y* + «* = c*<*. 

Comparing coefficients we sec that 

= 7 — 0 , 

+ c*aS = 0, 

A® - c®a» = i®, 

A:®w*-c»8» = -c®i*, 

which lead to A « (1 — w*/c®) ~^l. 


* ** On acoount of the homogeneous properties that we assign to space” is 
the teason he gives. 


G. R. 


4 
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We shall for the present put i = 1 *, so that the equations of 
transformation are 

x==k{ai-vt), y =y, z' = z, 



k having the value (1 — v*/C®) and this is exactly the space- 
time transformation used by Lorentz and Larmor. 

9. Einstein’s conclusion then is that if light were the o:dy 
means of communication between distant points by means of 
which a standard of simultaneity for events at different places 
could be set up, there would be exactly that arbitrariness in the 
measures of time and space that is suggested by the Lorentz 
transformation. . In fact Lorentz’ argument based on a hypo- 
thetical possibility as to the constitution of matter cannot be 
taken as more than a suggestion of what might be, whereas 
Einstein by limiting the consideration to a particular and less 
disputable class of phenomena reaches the important conclusion 
as to the relativity of the measures of space and time, and sub- 
sequently proceeds to the consideration of the bearing that this 
will have on the measures of electromagnetic magnitudes. 

The correlation between two solutions of the fundamental 
equations described in the last chapter was there considered as 
connecting two different systems equally capable of existence 
in the same aether. -To Einstein it simply develops the 
possibility of two different descriptions of the same system to 
two observers moving relative to one another with constant 
velocity v. 

It may be said that the two arguments diflfer only in the 
point of view, but for the moment it is the new point of view 
that is vital. The older point of view*was the outcome of the 
strivings of the mechanical school of physicists after an objective 

I • 

% 

* The effect of the factor I indicates only a uniform magnification of the 
scales qI space and time, or what is the same thing, a change of units. It does 
not introduce any essential modification. 
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mechanical elastic aether and their adoption of a metaphysical 
conception of space and time. But when mechanics is placed 
in a derivative place and eioctrical theory in the' fundamental 
position, when we arc prepared to admit that many of the 
properties of matter are when analysed found to be compounded 
of electrical action, it becomes very necessary to consider with 
an open mind the possibility that some of what seem the most^ 
obvious modes of thought may require revision, and among 
other things to avoid the vicious circle of ideas involved in 
likening the aether to a species of matter with molar proper- 
ties which are an idealization of the properties of matter as we 
imperfectly know them*. 

It is felt by some physicists that to adopt the new point of 
view is to abolish the aethereal medium altogether, while putting 
nothing in its place — for apparently each oWerver may construct 
his own aether in which, for the moment, he is at rest. All 
objective reality thus seems to be taken away from it; and 
yet, paradoxically enough, the experimental results, indicating 
uniformly the absence of any unique aether, substantiate the 
whole electromagnetic theory, and indicate' that the arguments 
of Lorentz and Larmor are based on a view of the constitution 
of matter which, in its main features, is true if incopijplete. 
But it is only th.^ same paradox as in the Newtonian 'dy- ' 
namics. A definite frame of reference is there necessary for 
the analytical expression of the laws of, motioh. But when that < 
expression has been formulated, the frame of ref^nce is found 
to be far from unique. 

'Whether it will be possible in the future to adopt some 
other conception of the aether ^hich is free from the objections 
attaching to its identification with the frame of reference cannot 
yet be foreseen. In the development of such a concept the new 
facts which are emerging in the theory of radiation will have to 
be taken into account.. If it is to be consistent with the pdn- 
ciple of relativity, a filet requirement is that the velocity assigned 

• * See below, Chapter XV, Belativity and an Objective^Aetheri, 
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to it shall be subject to the Einstein transformation of space 
and time when the frame of reference is altered. 

It is indeed difficult to maintain a vivid conception of an 
aethereal medium in conjunction with the idea that we can 
never know what is the velocity of a point relative to it. But 
it is not so difficult to look upon time and space as mental 
modes under which we can catalogue our perceptions, and as 
being therefore not necessarily unique, but to a certain extent 
adaptable to the convenience of the moment. In the de- 
scription of terrestrial phenomena, for example, the practical 
electrician invariably thinks of the earth as being at rest 
in the aether, and takes velocities relative to the earth as 
volocitie.s relative to aether, just as much as the mechanics of 
every-day life is quite unconcerned with the enormous velocity 
of the earth in its orbit. It is only in astronomical work, both 
physical and descriptive, that the earth’s velocity bcKJonies of 
any account, and then another standard of rest is chosen. 
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THE KINEMATICS OF EINSTEIN 

1. It will be convenient now, adopting Einstein’s point of 
view as to space and time, to develop some of the simpler con- 
sequences of it. 

When the motion of bodies is described by means' of re- 
lations between the coordinates (a?, y, z) and the time 1 3ffe shall 
say that the motion is in the frame 8. If the relations are 
converted into relations connecting (x\ y\ with t', whdre 

a!' = 8(a!-vt), y' = y, Z’^z, t' =^/3 (t-^^ ...(A), 
wc shall say that the motion is described in the frame 8\ 

2. The tranasTormation is a reciprocal transforma* 
tlon, for on solving the equations (A) we obtain 

which is exactly of the same form ^th — v substituted for v. 

3. The FitzGerald contraction. 

If two points P, Q fixed in the frame 8^ their coordinates 
(^I'y ^/), i^a, Va, ^a) are independent of and U. ^ 

Hence applying (A) 
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If we wish to compare simultaneous positions in the frame S 
we put ti = t% obtaining thus 

00 ^ — dfj s* ^ (il/g — 

or ajj, — as, =■ (a?*' — x() (1 — 

together with y^-yi- y% — y(, 
z^ — z^ — z^ — z-i. 

Thus, by considering P, Q to bo two points of a rigid body 
which is at rest in S', it follows that the length of any lir 3 in 
the body in the direction of the axis of x is estimated to be less 
in the frame S than the corresponding length in the frame S' in 
the ratio 1 : (1 — the dimensions in directions at right 

angles to this being unaltered*. 


4. The addition equations for velocities. 

Consider next a moving point whose velocity in S is 
{ux, Uy, Ug), and in S' is ( m /, Uy, Ug'). 


Then since for arbitrary changes 8a;, By, Bz, Bt 
spending changes in x', y, z', t' are given by 

Bx' = y3 (8a; — vBt), By' = By, Bz' s= Bz, ^ 


8<'* 



vBx\ 



the corre- 


..(AO, 


we have 


and 



Uy = 


8a;' 

Bx — vBt _ w* — w 

8«' “ 

Sj, vBx , VUx 

c* ^ c* 

By' 

Sv 

Bt'~ 



Uy 



and similarly 



e 


t 


* For a diflcuBBioti of the queatioh as to whether the contraotion would 
actually take place if the system were accelerated relative to a given framg of 
reference, see Chapter XYl^ p. 206.' 
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These are the equations for the transformation of velocities, 
and we see that they are identical with the substitutions (B) 
that it was found necessa y to make in order to complete the 
correlation between two systems according to the equations 
of Lorentz (p. 34). The quantities (CT*, JJy, TT^ are now 
seen actually to be the velocities of a moving point as measured 
in the coordinates {X, Y, Z, T). This is a necessary part of 
the argument, a point which was not noted by Lorentz in 1904. 

Taking the equation 

and the corresponding one obtained from (A') 

and multiplying, we obtain the result 


(B.). 


which is sometimes of use. 
Further 


c» _ c*S«'* - 8a;'* - 8y'* - 8«'» 8«* 

M* “ c*Se* - Saf‘ - Sy^ - Bz* ' 


5. Einstein’s'addition formula 
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or what is the same thing 




1 + 


VUa 


has some interesting and important implications. 


(a) If uj = 0, then ** v, and conversely if m* = 0, 
u^ = -v. 

Thus any point at rest in S' moves with velocity v in iS ; 
while any point at rest in S moves with velocity — w in S'. The 
two frames of reference have eqnal and opposite velocities 
relative to each other. 


(5) Provided v<c, uj is equal to, greater, or less than 

c according as is equal to, greater, or less than c. 

The facts contained in (6) are only a particular case of a 

more general theorem, namely, that the resultant velocity of a 

point in S' is equal to, greater, or less than c according as the 
resultant velocity in S is equal to, greater, or less than c. For 
we have identically from equations (Aj), p. 54, 

=8a^ + V + 

The significance of this last eqiiation will become clearer in 
the more general discussion to follow. 

•Si 

Hence if a point is moving with a velocity in 8 such that 
its displacement in a short time St satisfies 

then its displacement in the fr^me S' satisfies 

+ Sy'^ + 5 /® $ 

(c) The addition equation may be written 

C — Ute _ 1 — v/c . 

^ C — M*' ~ 1 + ‘ 

Hence if and v are both positive and less than c. 
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that is tile addition of a -positive velocity v to the positive 
velocity uj gives a velocity nearer to c than By the con- 
tinual sxiccessive addition i ' velocities less than c in the same 
direction, the x component of the velocity M'ould continually 
approach c but would never become equal to it. 

Also considering the other components of velocity 

== V - ^ 

«* yS (m* + v) * 

If uj and V are both positive and less than c it follows that 

Uy uf 
^ / * 

«* 

that is not only does the component velocity tend towards c 
by constant addition of other velocities, in a fixed direction, but 
the direction of the resultant velocity tends always towards the 
same direction. 

6. Invariance of Charge. 

We have seen above (p. 34) that when the charge is purely 
convected the transformation of the density necessary for in- 
variance of the fiin Liamental equations is 

• P = /3p(l-w*/c“) (/9), 

and it was stated that this was consistent with tiie invariance 
of el&stric charge. This is shewn as follows. 

If Sa is a small element of volume moving with velocity 
(Ux, Uy, Ug) and Suc is the apparent volume to an observer 
moving with it 

If SA is the volume to an observer to whom the velocity of 
the element is {Ux,»lTy, Uz) 
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Thus 


^ ^ (1 - 
Sa (1 — 



9 


by equation (Bg), p. 55. 

Hence from (;8) 

PS.4 = pSa, 

that is, the charges in corresponding elements of volume are 
equal. 


7. Failure of the ordinary concept of a rigid body. 

So far we have referred only to points or to bodies which 
may be thought of as at rest in some particular frame of refer- 
ence of the type allow<}d in this theory. But if we consider 
a body which has a rotation relative to any one frame, we see 
at once that certain difficulties are introduced into our ordinary 
conception of rigidity. In the Newtonian dynamics of a rigid 
body particles of the body which at any one instant lie on a 
straight line are always on a straight line, whatever the motion 
of the body, and whatever the frame of reference. This is not 
however consistent with the kinematics of a body as we are 
now viewing it. 


A simple example will suffice to shew this. Consider a 
body which is thought of as rigid in the oydinaly-isense rotating 
uniformly about the axis of z in the frame 8, that is let the 
coordinates of any point of it be give.n by 

a; S5S r cos mt, y^r sin tot, z = const. 


Then in 8' the coordinates are given by 


Putting 
we have 


8 (x + vt') = r cos 



y' — r sin /9a> 



x' -+. vt' = X, yf — Yp 
8X = r cos (8(oX -I* oolf 18), 
Y = r sin (/Sa> X + toi! j 8)- 
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The point then describes relative to the point = F = 0 an 
ellipse, but for different values of r we have 

y = icot(,9«ir + ^), 

which depends upon X as well as upon t' and is therefore not 
constant for any particular value of t', although xjy is constant 
for any particular value of t. Thus points which to one observer 
are on a straight line are not so to another. 

It appears then that in the kineiuatical view which is here 
being presented, the ordinary conception of a rigid body requires 
a good deal of revision beyond the mere FitzGerald contraction*. 

In order to prevent misconceptions it may be pointed out 
here that the FitzGerald contraction of a body is only suggested 
by the principle of relativity in the case where it is possible to 
choose one hame of reference in which the whole body is per- 
manently at rest, and even then it has not been shewn that if 
the body is set in motion relative to that fiame the contraction 
will automatically take place f. To apply it therefore, as some 
writers have endeavoured to do, to the small parts of a rigid 
body in rotation is to go beyond what is legitimate. It is not 
iiossible by means of the principle to say what will happen to a 
body in non-unifbr’n motion in the way of deformation. But as 
we shall se^ later, and in fact as is shevm by the example just 
given, certain general assumptions about the motion of bodies 
are definitely inconsistent with the principle. Thus such sug- 
gestions for instance as that a plane disc, rotating about an 
axis at right angles to it, will buckle owing to the contraction of 
the &ster moving outer part of the disc being greater than that 
of the part nearer to the centre are irrelevant and illogical. It 
is true that in order to conform with the principle of relativity 

* A modified coneeption*of rigidity consistent with the hypothesis of 
relativity has been developed by M. Bom {Ann. der Pkyt. 30, and Phys. 
ZdUehrift, 11), but it is mot possible to expound this in the present work. 
Beferenoe must be made to the papers mentioned, and to other subsequent 
memoirs. 

‘T See Chapter XVI, p. 206. 
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we may have to modify our specification of the stress in a 
rotating body. This will be indicated in a later chapter. But 
the FitzGerald contraction can only be expected of a body in 
uniform translatoiy motion and free from external stress. 

8. The Doppler Effect. 

If a plane wave of monochromatic light travelling along the 
axis of X is represented by 

ey=ht^ A sinp {t — xjc), 

and we apply to this the formulae (a), p. 33, we obtain 
Ey — Hz=A$ ^1 — sin/8p ^ + 

which again gives a plane wave whose intensity is equal to 
that of the original wave multiplied by (1 — v/cf, that is 
by (c — v)/(c + v), and whose period is 

2w __ 27r _ 27r /c + v\^ 

p'~ ■ 

If we neglect (v/c)* this gives the ordinary Doppler effect of 
the change of period to an observer moving with velocity v in 
the direction of propagation of the light. * 

From this point of view the true period of the light, if such 
a term need be used at all, must be considered as the period 
observed by one who is at rest relative to the source of light. 

9. Tranaverse Doppler Effect. 

If we consider a beam of light travelling along the axis of y 
represented by 

-fi* “ jy* = .4 sin jp (« - y/e), 
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the change of period reduces to one of the second order since 


where sina = w/c. 




0<iJ 

y COS a — x' sin a 


■?.“) , 


Thus if T is the pericxl of the light sis seen by one observer, 
smd t' the period as seen by a seconsl observer who is seen by 
the first to have a velocity v perj)eiidicular to the path of the 
light, 

t' == ^ = T (1 — . 

Thus there will be a second s>rder- change in the period. 

It has been suggested* that a possibility of obseiwing such 
an effect exists in the csise of the light emitted by the canal 
rays. Experiments on the longitudinal Doppler effect shew that 
velocities up to v/c = '006 exist in the particles constituting 
these rays. This would give a displacement of the spectral lines 
of the same order as the oixlinary Doppler effect arising from a 
velocity of about 5 x 10® cms. per sec. (3 miles per sec.), that is 
for the sodium D-lines a shift of about T Angstrom unit. The 
experiment^uuld however need to be carried out with great 
care in order to be quite sure that the ordinary longitudinal 
Doppler effect was not present owing to the direction of the rays 
being not quite perpendicular to the line of sight. 


10. The Fresnel Convection-coefflcient. 

One of the most striking consequences of the Einstein kine- 
matics is that it leads {^t once to the value suggested by Fresnel 
and experimentally verified by Fizeau for the velocity of a beam 
of light through a mpving refracting medium, 

* Laub, Physical Review, April, 1912.; Jahrbueh der Radioahtivitdt und 
Elektronik, 7. 
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Suppose that to an observer moving with the medium the 
velocity of light is u and that the medium has a velocity v 
relative to a second observer. 

Then, the velocity of the light relative to this second observer 
being v!, the addition formula gives 

, u + v 
~ 1 + ww/c® 

neglecting (vjcy, n being the index of refraction of the light. 


11. Modification of the convection-coefficient when 
the medium is dispersive. 

If the medium is dispersive, w is a function of the period t 
of the light, and this period will be different for the two 
observers. The value of n in the above formula is that corre- 
sponding to the period as seen by the observer moving with the 
medium, since it is relative to this observer tha^the velocity of 
the light in the medium is cfn. 

If T is the period of the light to this observer, and r' to the 
other, the relation between t and t is obtained as follows. 


If ^ represents any component of the light disturbance in 
the moving medium, we have 


2fft 



i 


a: being a coordinate in the direction of the motion of the 
medium. But, using the relations between (a, t) and (of, t'), 
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we have 





Thus if we put t' = / , 

we have <f> = Ae ^ 

shewing that t' is the period to the other observer. 


We can now allow for the fact that the period of the light 
as it falls on the moving medium is t and not t'. Let n' be the 
index of refraction for light of period t. Then 


, , / / ^dn 

n = a + (t - t) 


= » — 


V dn 
u dr 


(neglecting v*) 


/- VT dn\ 


IT 



The following figures shew that there is some little dis- 
crepancy between experiment and theory when the last term is 
taken into account. 

Michelson and Morlby* found for water with the sodium 
D-line that 

,^'_£.= -434v. 

n 

* American Journal of Science^ 31 (1885). 
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The known figures for n* and ^ give 


[VI 


V 





•438v, 



'451v. 


Thus it appears that the theoretical term allowing for dis- 
persion renders the agreement between theory and observation 
less satisfactory, though, since the possible error given in the 
account of the experiment was only ± ’ 021 ;, it cannot be said 
that the results are decisive. ft is very desirable that the 
experiment shouhl be I’epeatcd for the sake of testing this 
thoroughly. 

In any case, however, the discrepancy is not connected with 
the change in scale of time in the ratio 1 : which is character- 
istic of the theory of relativity since it arises in the first order 
terms, whereas to the first oirier ^ = 1. 


12. The Relativity of the electric and magnetic 
intensities. 

Following up the same point of view which has been 
adopted in respect of space and time, Einstein concludes that 
in so far as the fundamental equations (I)r — (IV) of Lorcntz are 
valid as a set of relations descriptive of electromagnetic pheno- 
mena, to that extent it is impossible to say that e, h rather 
than E, H are the true electric and magnetic intensities, these 
quantities being connected by the transformation (a), p. 33. 
For all that is required of these intensities is that they should 
satisfy those equations ; there is no further criterion. 

Now it so happens that this point of view touches closely 
the experiments initiated by Kaufmann* in 1901 for the 
purpose of examining the mass of the small electrified particles 
moving with high velocities which are supposed to constitute 
the cathode rays, and carried further in 1905 in the case of the 


* A nnalen der Physik, 19 (1906). 
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siniildr particles moving with higher velocity still in the /9-rays 
emitted by radium.' It had been suggested * that the electrifi- 
cation of the particles would affect the appicurent inertia of the 
particles in such a way that it would increase with the velocity, 

and this was what Kaufmann set out to examine. 

• , + 

In the arrangement of the ejcperiment a stream of the 
particles, that is a narrow pencil of cathode- or /9-rays, was 
subjected to the action of electric and magnetic fields in a 
common direction perpendicular to the path of the rays, with 
the result that these rays were deflected from their straight 
path by measurable amounts. The deviation of the particles 
may be used to measure tlie intensity of the. field, and the 
experiments thus have a bearing on Einstein’s position as to 
the meaning of the intensity to an observer, in this case one 
of the particles, moving through the field. In order to make 
this clear it is necessary to consider the transformation of the 
acceleration of a moving point which is a consequence of the 
Lorentz Transformation. 


13. Transformation of the acceleration of a moving 
point. 

From the velocity transformation 


Ma 


Uat — V 






u. = 




Bui 


we obtain 


BuJ 


Bux — 


'(-s) 


BUxVUj^ 


^ ^ 0.(1 


* The first suggestion of' the eleotromagnetio inertia of a moving charged 
bod^ was made by J. J. Thomson, Phil. Mag. 11 (1881), p. 229. 


o. R. 


5 
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But, if St, St' are corresponding elements of time, we have 
from the relation (Bg), p. 55, 

a. 

St 


('-?)* 


This quantity is of great importance in the transformation 
from S to S' and will be denoted by 

But also from the transformation (A) we obtain directly 


St'^/3(^St-^Sa!^. 


so that if, following the point in its motion, we put Sx = u^St, 
we 'have 

Thus we may write 

dux 1 dux dt 


dt' 




vuxY dt ' dtf 


and similarly 



_ 1 

dux 





dt ' 



dUy' 

dV 

1 

~'¥ 

dtly 

dt 

^VUy 

dux 

W 

duz 

1 

duz. 


dux 

dt' 

¥ 



dt ’ 


Taking the simple case in which the point is momentarily 
at rest in 8 and putting (ux, Uy, Ug) equal to zero, these 
reduce to 


dtix' 1 dux 
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14. The Theory of Kaufinanii'e eqiertoeiite*. 

Suppose now that an electron with charge q is considered 
merely as a moving point naving the properties of electric 
charge and inertia. Suppose that when placed at rest in a 
field in which the electric intensity is e it receives an ac- 
celeration given by 

qe = mf Assumption (a). 


For the present we do not ask why this should be so, or 
assume any theory as to the nature of the electron. This 
equation may be taken as a definition of e. 

Then as seen by an observer moving with velocity v along 
the axis of sc relative to the electron, the electron is moving 
along the axis of sc' with velocity — v and its acceleration is now 
estimated as having components 

f q-^x 

jy ^9 



yS* 


fim / 


where B, H are the 'electric and magnetic intensities in the 
system S’. 


Assumption (b). 

If now, following Lorent?, we call ^ (B + [uH]/c) the 
mechcmiccd force on the electron in the field, and if we make 
the second assumption that since B, H satisfy the field 
equations in the firame S', they are the electric mid magnetic 
intensities as measured by an observer in that frame, we may 
take the above equations as giving the accelerations produced 
by B and H.in an electron having a velocity ~v along the 
axis of sc. 


* Olanndoii type is need for veotor quantities. For explanation of notation 
see pp. 88-4. 


8—2 
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In the special arrangement used in the classic experiments 
of Kauhnann and his successors the directions of the electric 
and magnetic fields are the same and are perpendicular to the 
motion of a stream of electrons. Let the axis of y be taken 
in this direction. Thus we have from (1) 


qhy — 
qvHy^ 


'^f y ' 


(1 -vVc®)* ) 


( 2 ). 


In making the observations the stream of electrons impinges 
on a photographic plate at a known distance, say d, from the 
source. It is found that for given fields the trace which they 
leave on the plate is a curve starting out from the point where 
the stream impinges before the fields are excited. If (y, z) is 
a point on this curve, and t is the time of flight of an electron 
impinging at this point, w'e have, dropping the dashes for 
convenience, 

y = \fy^\ ^ ^ 


Thus 


I • 

y fy cE, ’ 


hence, given Uy and Eg, the velocity v can be determined for 
each point of the curve. This being done we have 

fy. ^ 


Ey{\- d*Ey (1 - v»/c»)^ 


.(3). 


‘The correctness of the assumptions (a) and (6) is now to be 
verified or otherwise by the constfincy of the values of qjm 
calculated according to this equation. As the ratio v/c is 
found in some ckses to reach the value *9, this verification 
can be carried oftt with considerable adburacy, and on the whole 
the evidence is fevourable*. 

c 

* Some figures are given later. Chap. X][, pp. 151-2. For a detailed discussion 
of results obt&iaed by different experimenters under varying conditions, see 
Laub, Jahrb, d. Rad* und Elektr, 7 (1910), p. 405. ^ 
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14, 15] 

16. The equations (2) above may be written 


II 

/ mVx 

'll — (v** + V + 

II 

f Wtly 


II 

f mVg 

^ { 1 — (v** + V + v**)/c*] 




.(4) 


where after differentiation we put Wj, — v* = 0 and v* = — w. 
They lead to the equation 

g(Bv) = ^f .) (5)* 


We have here a first suggestion of a modification required 
in the dynamics of a particle to be discussed in Chapter XI. 
The equation of momentum in the ordinary mechanical sense 
will remain satisfied if we assume for the ‘ momentum ’ the 
expression 

mv 

and the equation of energy will be satisfied if for the ‘ energy ’ 
we take 

»ic* 

(1 — V*/C*)i 

But it will be observed that firom the present point of view 
there is no need to use the mechamcal terms ' force,’ ' mas8,4 
‘momentum’ at all. The equations (1) (page 67) connect the 
acceleration with the electric and magnetic intensities, it being 
assumed (a) that for an electron momentarily at rest the ac- 
celeration is proportional to the electric intensity. Here m will 
naturally be called the ‘ mass ’ of the electron when at rest, but. 
So far the mass of the^ moving electron renaains undefined. The 

agreement of the equations (3) with experiment shews nothing 

« •* * 

* See below^ Ohsp. XIII, § 2, pp. 164-6. 
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about the dependence of vmm8 on velocity until the definition 
of mas» has been made ; but it does confirm, as far as it goes, 
the theoiy that the equations on which the transformation of 
Einstein is based do in fact determine the motion of the 
electron, and that the quantities E, H are the electric and 
magnetic intensities as ordinarily interpreted. The foregoing 
discussion avoids by means of the primary assumptions (a), (6) 
ail special theoiy as to the nature of the electron. If those 
assumptions are granted then the equations (3) follow no matter 
what be the speed of the electron. The experimental results 
therefore, in so far as they agree with the theory here gfiven, 
supply a confirmation of those a^umptions and of the kinema- 
tics on which the expressions for the acceleration of a moving 
point tu'e based. 

We shall defer the fuller discussion of the mechanical inter- 
pretation of the results to a subsequent chapter*. A table will 
there be given for reference shewing the closeness of the agree- 
ment of experiment with equations (3). 


* Chapter XI, pp. 151-2. 



CHAPTER VII 

THE ELECTRON THEORY OP MATTER* 

1. In the account that has been so far given, we have been 
dealing only with the equations of a hypothetical theory in 
which the only objects of consideration are the aether and free 
electricity. We must now pass on to the way in which this 
theory has been used to give an account of the electrical and 
magnetic properties of material bodies, and to the relation of 
these properties to the new point of view which has been 
outlined in the foregoing chapters. 

The suggested conception of a material body is that it is 
pervaded, and partly or wholly constituted, by electric charges, 
which may be thought of, as has already been suggested, 
sometimes as point charges, sometimes as small nuclei of finite 
size. A molecule or atom is conceived to contain or to be com- 
posed of a group of such electrons, held together under their 
own mutual actions, and possibly in part by non-electromagnetic 

* This chapter is inserted here partly as an illustration of the application 
of the kinematics of Einstein, partly as anticipating the results to be obtained 
later without reference to a constitutive theory of matter, and partly to supply 
readers with fin account not otherwise easily accessible in English of the de- 
rivation of the electromagnetic equations for moving matter from the electronic 
conception. The treatment given is rather different in form from that usually 
given, and should be oonfpared with that of Larmor, Aether and Matter^ 
pp. 99 ff., and Lorentz, Enzyk, der Math, fVisa. Y. 2, pp. 200-9. Vector notation 
is used, but as this is unfamiliar to many English students, explanatory notes 
are put at the, foot of the pages, and reference may be made to the collected 
8ummar;ir"6f results on pp. 83-4. The chapter may be omitted by non- 
m&thematical readers. 
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forces. In addition to the electrons forming such groups there 
may (in the case of conducting bodies) be electrons moving 
between the molecules, or from one to another, so as to be 
capable of transporting a charge through any distance in the 
body. These two classes of electrons, ‘ free ’ and ‘ bound,’ are 
treated separately. 

The problem in hand is to explain the electromagnetic 
properties of matter in bulk in terms of the distribution and 
motion of these charges within it. For this purpo.se a process 
of averaging is undertaken, the most difficult part of which is 
the consideration of the average flux of electricity across an 
element of area Owing to the fact that the electricity is 
supposed distributefl in small nuclei, the actual density varies 
extremely rapidly from point to point within the body. But if 
the means of observation are only sufficiently refined to take 
account of elements of volume containing many electrons, these 
rapid changes will not be appreciable, and the distribution of 
electricity may without apparent alteration be replaced by 
another in which the changes are less rapid, provided that the 
total charge in such elements of volume is unaltered. 

In the same way in dealing with the rate of flow of 
electricity across an element of area, the actual rate across an 
indefinitely small element varies extremely rapidly., but it is 
possible to imagine that the smoothed-out distribution of 
electricity gives the same flux across any element of area in 
any element of time, provided that many electrons cross the 
area in that time. 

2. The free electrons. 

Consider first then the free electrons which constitute the 
free charge on the body and which carry the current. We will 
suppose that we have replaced the actual distribution of charge 
by a continuous distribution giving the same effective density 
for elements of volume which are not too ^mall, and the same 
effective flux for areas which are not too small. 

Let the density of this distribution be p, the velocity of tbe 
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matter be u, and the velocity of the hypothetical distribution 
of charge relative to the matter be w. 

We have p = 

where ha is a small element of volume, and the summation 
extends over all the electron charges q within the volume, 
▼ being the velocity of an individual electron relative to the 
matter. Then the current density is represented by 

p (u + w),= pM + pvr. 

The second term gives the average value of the stream of 
electricity across an element of area of the body which is small 
but sufficiently large for the purpose of smoothing out the 
rapid local variation in the actual flow.^ This term is called 
the cotiduction current and Will be .denoted by J, while the first 
term is the convection current of free electricity. 

3. The bound electrons. 

Consider next those hound electrons which form a constituent 
part of the atoms of the body and which' are therefore restricted 
in position to lie within a small region which moves with the 
body. Imagine those electrons which have negative charges to 
be in the same way replaced by a continuous distribution which 
gives a slow variation in density throughout the body, and 
which gives as before the same effective density and flux as 
that due to the electrons in question, and similarly with the 
positive electrons. 

Assuming that when the body is free firom electrical in- 
fluences the total effective density at any point is zero, we may 
suppose that in this neutral state the body is permeated by 
two equal and opposite continuous distributions of densities p^ 
and — po arising from* the positive and negative electrons 
respectively. 

Here 

2 ( 4 .)* referring to the positive and to the negative electrons. 
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When by the action of external electrical forces the electrons 
are disturbed, the displacement of any one being represented 
by i, let Ti be the displacement of the positive density po rela- 
tive to the body, so that 

- 

*1 — ‘ •— . 

2 (+) 5 ' 

Since we are considering hound electrons may be taken 
to be small, but fj need not be small, since the charges might 
be in rapid rotary motion within the region to which they arc 
confined. 

Now if the displacement r, varies from point to {X)int in 
the displaced state the density po at a point {x, y, z) of the body 
is changed t6 

Po-div(por,), 

since the displacement of charge outwards across a closed 
surface 8' is 

jJp.(r,dS). 

In the same way if the negative distribution — p# is shifted 
by r, its density is altered to 

-po+div(p„rg), 

giving therefore together a density 

p, = -divpo(rx-rs)i' 

instead of zero density as in the neutral state. 

If we introduce the vector p to stand for the product of p# 
and the relative shift (Fj — Fj), we have 

Px = -divp. 

4. The cuFrent due to the bound electFons. 

The disturbed density of ' the poaitive electricity which 
represents the hound positive chargfes at the point {x, y, z) of 
space has been seen to be po — divpi, where 
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To obtain the current due to the same distribution we need 
the velocity at the same point. 

The velocity u + f (omioting the suffix 1 temporarily for 
convenience) gives the velocity of that element of charge which 
was when undisturbed at (as, y, z) but is now displaced by r 
from that point ; here r stands for the rate of increase of r for 
that particular element, that is 


The velocity at {x, y, z) is therefore 
u + w = (u + f) — (rV) (u + f ) 

= u + ^ + (uV)r-(rV)^u + |^ + (uV)r). 


in which the last term(rV)(uV) r may be neglected as being of the 
second order in the displacement r and its space rate of variation. 

The current is given by the expression 
(po-divp,)(u + w). 

This expression may be analysed into the sum of the 
following parts; 

(a) PoU (i). 


(6) 


dt ‘ at 

= ^ + rxdiv(ioou) 

= + Pi div u + Fi (uV) Pot, 


* (uV)r denotes the rate of change of the yeotor r as we move in the 
direction of u multiplied by the absolute value of u; in Cartesian notation, 
if ((» 77i f*), (uV)r is a vector whose components are 


t 


In Cartesian notation, • 

d d d 

div(pou) = ^ 0»o»*x) + + 9 “ (Pott.) 



=Podivtt+ (uV)po- 




See (1), p. 84. 
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remembering that, in the undisturbed state, the density is con- 
vected with the body, so that 

+ div (poU) = 0. 

(c) ' - u div p, + po (uV) r-po (rV) u 

= - u div p, - (PxV) u + po («^) ri- 
Adding (6) and (c) together we obtain 

(d) + Pi div u - u div p, - (PiV) u + (uV) p, 

= + curl [piU] (ii)* 


Finally we have the terms involving ~ : 

(e) -p,(r,V)^-divp.{|--(r.V)|}, 

of which we neglect the third as of the second order leaving 

Takingthe a? component of this expression, putting r=( f, 17, ^), 
we have 

-|divp.-(p.V)^ 

~ - div I i/>.e p>(v. p.f f 1 

+ 2 P 0 ^ at ^ 0t ’ ^ 0« ^ 0< j J ’ 


* Since 

^ (!>,«» - F»«*) - (f.w* - />*«,) 




See (2), p. 84. 
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in which ^ is neglected since it leads only to terms of higher 


order. 


The assumption of Lorentz is now that />o^» 
remain effectively constant, the rapid motion of thp electrons 
within an atom being orbital. If therefore we neglect the first 
term in the last expression we are left with 

which, neglecting again quantities of the second order, can be 
written 

-curlipoCriri] (iii). 


Adding all the expressions (i), (ii), (iii) so obtained we may 
write therefore for the total flux due to the positive bound 
electricity 

Po« + [Pi“] “ c curl mi. 


where c m, = ^ Po [Fi rj . 

In the same way for the negative electricity we should 
obtain the expression 


-poU + 


9P2 

dt 


+ curl [pgU] — c curl mg, 


where 


Pa ^0 Fg , and lUg iP9 [FgFj] . 


Adding these together we get for the total current 
* 

^ + curl [PiU] — curl m, 

where as before p = Pi + Pa and also m mj + m^f. 

The quantity p is called the ‘ polarization,’ and m the 
‘ magnetization.’ 


* Since the x component curl [ab] is equal to 
d d 

"" “■ %^»)> "* 

This is a particular case ef the theorem (4), p. 84. 

t It is perhaps not quite clear at first sight what is the relation of the 
quantity m defined for the smoothed-out distribution to the motion of the 
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5. We can now tnm back to the fundamental equations of 
Lorentz, namely 


1 ^ 
c dt 


= curl e. 


div e s= /o, 
div h = 0, 


where 1 = p (u 4- w), u + w being now the velocity of the moving 
charge, instead of u as in the original notation. We have ob- 
tained above an expression for the average value of i through a 
small volume round any point. 

The processes of space averaging through a volume in 
space and differentiating with regard to the time are clearly 
commutative so that the above equations may be taken to hold 
for the averaged distribution. The average value of h will be 
denoted by b, while we retain the symbol e after averaging. 

Substituting the expression for the average value of i as 
found above we have 


original nuclei. It is clear that the averaged distribution is not uniquely 
determined by the conditions that the effective density and flux, shall be the 
same for fairly small elements as in the actual distribution — that in fact the 
substitution of an averaged distribution may be made in many ways. The 
analysis in the text holds for all these, so that on the assumption of the same 
average flux for all distributions, the average curl of the quantity an &nst be 
the same for all. 

If we suppose that the original distribution is one in which the density 
though fluctuating rapidly is everywhere finite the original distribution is one 
of the many satisfying the required condition. Thus we are bound to assume 
that the average curl m of the smoothed>out distribution is the same as that 
of the actual. This will certainly be satisfied if the m of the smoothed-out 
distribution is the averaged m of the actual, and we may make this assumption 
of the averaged distribution in addition to those already made without fear of 
inconsistency. That is, we may pot 

where 9V is the Small volume through which we average. 
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curl [pu] + 0 curl = curl b. 


Writing 


the equations become 


± C/*- I 

div es= p — div p, 
div b = 0. 

d = e + p 
hssb — m 


i ^ + pu + J + curl [pu] = curl h 


’10b , 

— ^ = curl e 
c dt 


divd = p /....(Ill), 

divb = 0 (IV), 

and this is the set of equations as proposed by Lorentz for 
moving bodies. 


6. The application of the Einstein kinematics to 
the electron theory of matter. 

The quantities p, J, p and m in the foregoing discussion 
depend only upon the distribution and motion of the charge 
nuclei. Now, as will be shewn immediately, in the Lorentz 
transformation the magnitudes of the charges are unaltered, 
while their positions and motions are subject to certain purely 
geometrical transformations. If the corresponding quantities P, 
J, P, M are then formed from the resulting distribution, we 
shall find that they ar^ expressible in terms of p, J, p, m and 
the relative velocities of the two i^stems of reference. 

The averaged quantities e, b will clearly be subject to the 
same transformationT (ec) as e, h before averaging, and with the 
set •of transformations for p, J, p, m we shall have a complete 
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set of transformations which must leave the final equations (I, 
II, III, IV) for the moving matter invariant. These transform- 
ations for p, J, p, m will now be obtained. 


(a) Transformation of density and current. 

We have seen above that the condition of conservation of 
charge is 

Sa 


P 6a 


Ux being the component of the velocity with which the charge 
p is moving. 


If however the charge is not convected as a whole but 
is carried by a multitude of moving electrons with different 
velocities, this equation will only apply, to a particular group of 
charges moving all with the same velocity u. 

Suppose now that we are considering a material body moving 
with velocity u and that we consider for a moment a group of 
electrons moving with velocity u + w. 

Then the transformation for the average density arising from 
this group will be 

and here pWx is that part of the conduction current which is 
due to this group of electrons. 

Thus on summing for all groups of all velocities we obtain 
the equation 

(A). 

where jx is the total conduction current due to electrons of all 
velocities. i 


Consider similarly the conduction current due to a group 
of commoii velocity 
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and 


Sgw 

Ba 


Here W and w are velocities relative to the moving matter. 

The application of the addition equation to the relative 
velocity of two moving points gives 

W, - (l - ^) (l - . 


Remembering that 
Ba 

this gives at once 




and 






£a 


r 'S.qWy 'S.qvuyUx 




Ba 








and similarly Jx—jz 


vu. 




Jy 


) 


J 


( 7 ); 


and, since the velocity w does not occur in these equations, 
they hold for all velocities of the electrons, and therefore for the 
totaf current. 


c. B. 


6 
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(b) The Polarization and Magnetization. 

In a similar way, though the analysis is necessarily longer*, 
from the definitions 

%qr SoFfw] 

““ Ik- 

we obtain transformations which, using the sufiix 0 for the 
values at a point at which the material velocity u is taken to 
be zero "I*, are 

P*~ ® 

(Py + vmglc)o. My =* (myf^)o, 

(Pz - vniylcX, Mt - 

The above transformations, together with 

Px ~ (.^x\i Px ~ (bxXl 

Ey = /S (Cw - vh^jcX , By = ^ (by ■\r vezjcX , 

Bg = ^ (Cg + vbyfeX, Bg = B (l^z ^^yl^Xt 

must leave the equations (I — IV), p. 79, unaltered 

One or two consequences of those transformations may be 
noted. 

Putting u = 0 in (Bi), p. 80, and ( 7 ), p. 81, we have 

J “ ijxl0f jyt jz)of 

and here — v is the velocity of the medium to the observer of 
P and J. 

If are corresponding elements of volume of the 

matter 

SA = 8ao//S. 

* See Lond. Math. 8oc. Proceedings j Feb. 9, 1911, pp. 123-6, for the proofs 
of the statements. 

t For conyenience the form of the transformation is only given for the case 
where in one system the point in question is at rest. The general trans- 
formation could equally well be obtained directly op in two steps through an 
intermediate comparison with a system in which the point is at rest. 

t Of. below, p. 115. 
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Thus PSA = poSoo — ^ (jxX BOf. 

That is, the apparent charges PSil, p^Son in corresponding 
elements of volwme of the moving matter are not equal unless the 
conduction current vanishes*. This is not a contradiction of the 
fundamental result that the charge of any given element of 
electricity is an invariant, but rather, as has been shewn, a 
consequence of that result. 


APPENDIX 


Stimmary of notation and of some results in Yector 
Analysis, and their equivalents in Cartesian Notation. 

B, = (U-J , tty , ai}, 1> = (6jb , by , bi). 

Absolute value. I i == (“** + + <**®)^* 

Scalar product. * Oxbx “b ^ 

= j a 1 1 b I cos^, 

where B is the angle between a and b. 


“^^ector product. ^zBy, a^bg ^xbz> a^by Oybx^, 

I [ab] I = I a j I b I sin^. 

[ab] is perpendicular to a and to b, and the directions of a, b, [ab] are 
in right-handed screw order. 


Divergence. 

,. dax , day . 9a* 1 ff/ 

^ W =l:‘ r}} (“ “)■ 

where the double integral is taken over the surface enclosing V. 
Rotation. 

oiirl a. — — rVa.1 

Uy dz' dz dx' d<z dy)~^ 
where v is the operator^^ , ^ . 


Cf. pp. 57-8. 


6—2 
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The operator (aA). 

(aA)^= 

(aA)b=: 


00 . 00 . 00 

• 

r 06. 

06. 

06,-1 


02 

06.. 

05.. 

06, 


0^ 

06- 

06- 


0,gj+0,g^+0, 

02. 


Theorems. 

(1) div(^a) = ^diva 4- (aV)0. 

® /J. \ . 3 , , X , 3 / J s J /S®* , 3ay . 3a,\ 




(2) div [a6] = — (a curl b) + (b curl a). 

0 0 0 

g- (0,6, - a ^ by ) + (0,6, - 0,6,) + g- (o,6, - o,6,) 

(3) curl [at] = a div b — b div a — (aV) b, + (bV) a.< 

0 0 

^ (o,6, — 0^6,) — (o,6, — 0,6,) 

/06, . 06, , 06,\ , /0Oa . 0O, , 0O,\ 

-”■(»+ s) "*■ (l. wj 

/ 06, , 06, , 06,\ . /t 00* , T 3a* , i. 0o,\ 

- (“■ + “« + “• ^) + ( *' Sr + W) • 

(4) Prom (/8) if a is a constant vectxyr 

div [oft] = — (a curl^b). 

If a = (1, 0, 0) we have the particular case (see footnote, p. 77) 



PABT II 

MINKOWSKI’S FOUR-DIMENSION WORLD 

For the convenience of readers who desire as far as possible to avoid 
the following out of mathematical analysis, the proofs of statements are 
in the following chapters printed in smaller ty|>e. By passing over such 
passages the general line of ai^gument may be followed. The sections 
indicated by an asterisk might also l)e passed over by those desirous only 
of following out the points peculiar to the principle of relativity. The 
general notions of the extended vectors as given on pp. 90-96 are however 
employed in Part III, and should therefore be read, at least as far as they 
are in the larger type. 


CHAPTER VIII 

MINKOWSKI’S FOUR-DIMENSION CALCULUS 

1. We have now concluded the account of the manner in 
which the principle of relativity originated, and given some 
idea of the point of view which it adopts as to the nature of the 
measures of space and time, and of other physical magnitudes, 
and we may now proceed to the further development of the 
principle, the relations which it suggests, and the light which 
it throws on the significance of the earlier electromagnetic 
and mechanical theory. A great impetus to the work on 
this part of the sul^ect was given by Minkowski. The form 
which is assumed by a principle which is developed to meet 
a special problem is generally moulded by the dbnditions of 
the problem, but it often happens that it is afterwards seen 
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that the form so obtained is a particular case of a more general 
and often more elegant principle. Minkowski, with his keen 
geometrical insight, was the first to notice the general mathe- 
matical significance of the Elinstein kinematics. 

« 

2. The fundamental postulate of that mode of thought is 
the invariance of the velocity of light. This may be simply ex- 
pressed mathematically as follows. 

» Let (x, y, z, t\ («', y', z', t') be any two sets of space-time 
coordinates consistent with this postulate. 

If a point P is moving with velocity c in the first system, 
and {Bx, By, Bz) is its displacement in time Bt, then 

If in the same way (Sa/, By', B^) is the displacement of the 
same point as seen in the other set of coordinates in time Btf 
the fundamental postulate requires that 

+ S/* + Bz'^ - = 0 

shall also be satisfied. This relation is to hold whenever the 
same relation holds in the first system of coordinates. 

But by differentiating the functional relations connecting 
(x, y, z, t) with (x', f, /, t') it is seen at once that 

Bx'^ + By'» + Bz'* - c*htf* 

is a homogeneous quadratic function of (Bx, By, Bz, Bt). We 
must therefore have 

Ba/* + Bf* + Bz'* - d*Bt'* 

= 4 > 0 + Sy* + . .(1), 

where 0 is some fiinction of (x, y, z, t) alone — ^not involving 
the differentials — this relation being true whatever the ratios 
Bx: By : Bz:Bt 

If we consider a similar relation in three variables 
Bx'* -I- Bf* + Bz'* <f> (x, y, z) (&c* -V 8y* + 

m C 

and assume it satisfied for all directions of the displacement 
{Bx, By, Bz), this implies that the change in coordinates is what 
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is known as a oonfomnal transformation, that is, that the ratio 
of corresponding short elements of length in the neighbourhood 
of corresponding points is the same for all directions, so that the 
shape of any small element of volume is unaltered, the change 
in size being determined by the function ^ which is the square 
of the linear magnification. With this in view, Minkowski 
introduces a new variable 

u = ict, where i = \/(— 1), 
and writing the relation (1 ) in the form 

3a;'® + 3y® + 3/* + 3^^® = <f> (x, y, z, u) (3a;* + 3y* + 3s® + 3 m®) 

interprets this geometrically as indicating that the transformation 
is conformal in the imaginary space of four dimensions in which 
the coordinates are (a;, y, z, u). 

3. The classification of all possible transformations. 

The introduction of such a mind-stuff as this into a physical 
theory may seem at first to make it rather elusive, but the 
gain in symmetry makes it possible to anticipate relations 
which would otherwise probably have remained undiscovered. 
Further it enables us to investigate all the possible types of 
transformation for which the fiindamental postulate can be 
satisfied. For as in three dimensions, so in any greater number 
of dimensions, it has been proved that all possible conformal 
transformations fall into three classes*. 

(i) Transformations in which 0 = 1. 

In three dimensions these would be the transformations cor- 
responding to a change from any one set of axes of (d;, y, z) to 
any other set, leaving the configuration of the system observed 
unaltered; or again they would express the changes in the 
coordinates of any point of a rigid body in the most general 

* See Darbonx, Lefom $ur U$ tystSmes erthogonaux et let ewrdonnie* 
eurviUgnet, 2nd ed., V«l. i, § 91, p. 169. Fox some developments of the 
geieral transformation as an extension of the Principle of Belativitp see Hass^, 
Lond. Math. 8oe. Proeeedingi, Dee. 12, 1912. 
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possible displacement, the only condition satisfied being that 
which expresses that all lengths are unchanged. 

Thus we may say that all the transformations of this group 
correspond to the displacements of a figure of permanent con- 
figuration: A purely translational displacement corresponds 
merely to a change of origin' without rotation of the axes, and 
clearly is of no importance to consider here. But the most 
general rotational displacement depends on six parameters 
(e.g. the twelve coordinates of three points A, B, C connected 
by six relations expressing that their distances from one another 
and from a fixed point are unchanged). The equations of trans- 
formation are all linear, and the successive application of two 
transformations of this class is equivalent to a third single trans- 
formation ; they constitute what is technically called a group. 

We may note at once that the Lorentz-Einstein transform- 
ation falls into this class, for we may express it in the form 

a?' = X cos 0 + u sin 0, 
u' — — X sin 0 + u cos 0, 


y' = y, z' 

where 0 is the imaginaiy angle given by 


tan 0= — , cos 0 — 


(1 - t>Vc*)^ ' 


• a 2t;/c 

sm. 0 = - — - • , . 


It is clearly a generalization of the rotation of a rigid body 
about a fixed axis. 

But there are two other classes of transformation, viz. 


(ii) Transformations in which <f> is a constant other thorn 

unity ; these transformations ai« merely those of class (i) with 
each of the four variables multiplied by a constant. It is clear 
that a change in scale of both space and time will not affect the 
velocity of any moving point, provided the increase of unit is 
the same in both space and time. > 

t 

(iii) The third class of transformations is a very la^ge 
one, but it may be looked upon as built up fix>m elementary 
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transformations each of which is a generalized inversion in a 
four-dimension hypersphere*. 

In three dimensions the corresponding elementary trans- 
formation is an inversion in ah arbitrary sphere. 

Taking the centre of inversion at the origin the elementary 
transformation would be of the form 




1 ^’ 




v! — 


k*u 

> 


where r* = ic* + y® + + m*. 

It is easily calculated that this gives 

+ ay'® + a/» + aw'* = ^ (&c* + ay* + a^* + aw*). 


It can be shewn that the invariant properties of the electro- 
magnetic equations established for the Einstein transformation 
are equally valid for this transformation f. 


4. Relativity and Rotation. 

The question is often asked whether the new Principle of 
Relativity can be extended so as to indicate a p)S8ibility that a 
rotational motion of the whole physical universe relative to a 
possible frame of refeVence would be concealed, a possibility not 
admitted in Newtonian theory. In other words given one frame 
of reference for which the customary laws of electrodynamics 
are valid, is it possible to find another such that a body at rest 
in the first is in rotational motion in the second. 

This question can now be answered decisively in the negative. 
For the general spa<^-time transformation of the third group — 
the first two groups lead to nothing but uniform translational 
motions and changes pf scale — is given by purely algebraic 
relations between the old and new coordinates, and no such 

* The number of arbitrary parameters contained in the equations giving 
the simplest transformation of the group is five, four being the coordinates of 
the IbntM of inversion, and the fifth being the radius of inversion, 
t Londt Math. 8oe. Proeeedingt, Feb. 11, 1909. 
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relation can express anything corresponding to a rotational 
motion of the space-fiame of reference. Thus we do not appear 
to be brought any nearer to the removal of the old-time difficulty 
that the physical laws which seem best to describe the phenomena 
of motion' postulate an absolute standard of direction though not 
of position, while apart from the physical phenomena there is 
no independent means of identifying such a direction. The 
point of view which has been developed above, treating the 
measures and standards of space and time as inseparable frv>m 
the phenomena which they are used to describe, is emphasized 
by the persistence of the contradiction between the empirical 
laws and the hypothesis of an independent metaphysical space 
to which the conception of a fixed direction is as alien as that 
of an absolute velocity. 

5. The Minkowski Transformations — ^Vectors in 
four-dimension space. 

The discussion of Minkowski is restricted to the transform- 
ations of the first type. 

If we think for a moment of the corresponding transformations 
in ordinary three-dimension spice, which correspond to the 
changes in the coordinates of a point, due to a rotational dis- 
placement of the axes in any way about the origin, wd remember 
that the equations which express the new coordinates {al, yf, 
in terms of the old coordinates are of exactly the same form as 
those'’ which express the components {X\ Y', Z'') of any vector 
quantity relative to the new axes in terms of its components 
relative to the old. 

So in the four-dimension space of Minkpwski, any set of four 
quantities (X, Y, Z, U) in S, which transforms into {X\ F', Z', U*) 
in 8' in such a way that the equations connecting {X, F, Z^ 17) 
{X\ Y',Z\ U') are identical with those connecting {a:,y,z,%b) 
with {of, y\ z\ m'), whatever the system S', is said to he a' vector 
quantity,’ but in order to distinguish it from another kind of 
quantity which has six components, it will be called hege a 
‘ 4- vector.’ 
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The form of the equations of transformation is 

y = 021-^ + «22y + «SS4 
si »a3]A*+a32^+a332;+a34i£, 
l^^ = <*41^ + flt42y+^*43^ + ®44 

whei^ the coefficients are limited only by the condition that all dis- 
tances are unaltered ; that is 

{Xi -d?i')*+ W -yi')*+(«a' - «i')®+ « - O* 
is identically equal to 

’ (arj - ;r,) 2 + (yj - {z^ - «i)*+<«2 " “i)* 

the necessary and sufficient conditions for this are 

Arr—'^ r=(l, 2, 3, 4), 

Arf=0 ... ... ... Tf *=(1, 2y 3, 4), T^B, 

An important property of this type of transformation is that, 

(^2y222“a), (^’sysZaMs). (^4y424«4) 
being any four 4-vectors, the determinant 

^ 1 , yi» hf 

y%y ^21 ^2 

•'^3? ^3 

^4i y4, ^4, ^4 

iib invariant. 

This is easily proved algebraically. We will only point out here that it 
is the generalissation of the known fact in three dimensions, that if a change 
of axes 18 made, no alteration is made in any volume, and therefore 

*■ .^2, ya, *2 
^3j ySy ^3 

which is the volume of a tetrahedron whose angular points a^ 

(^ 1 , yi » *i) (j? 2 , ya. «a) (^ 3 , ys, *s) (O, o, O) 

is invariant. 

6. The Lrf>rents transformation a particular case. 

The equations ' 

of ss ^x + {fiivlo)u, u' ^ l5u — (l3ivfo)x, 

y'^y, 
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satisfy the above requirements and these form the Lorentz 
transformation. 

If any 4i-vector has components (X, Y, Z, ioT), it is subject to 
the transformation 

r'=F, = r = /3(r-t;Z/c*). 

7. The acalar product of two 4-vectors is defined thus. 

If X = (a?!, a?„ a?*) and g = y*. y*, y^) the scalar product 

of X and g is 

Xiyi + x^y.i + x^y^ -f- x^y^, 
and is denoted by (Xg). 

The scalar product of two 4-wectors is invariant. 

For let je*, ®' be the transformed vectors (a;/, x^, xi\ yi, y,', yi). 

Then the product (*'s') is identically equal to 

-d 11 ^lyi "t" d 12 (a?iy 2 " 1 ” ^*3^1) ■!"••• 

and| as ahovOf 

so that (*V)=^iyi+^ay2+^8y8+-*?4y4 

=(*»)• 

Conversely if any set of four quantities (Xi, Xa, X,, Xi) gives 
an invariant product when multiplied by an arbitrary ^-vector, 
it must constitute a 4i-vector. 

For if (JTx, Xa, X^, Xf) transforms into (Xi, Xa\ X^, Xi) and we 
multiply by the 4 -vector ( 1 , 0 , 0 , 0 ) which transforms into , Ojk <hu <’^41) 
we have 

since the product is to be the same in both cases ; and similarly, multiplying 
by (0, 1, 0, 0) which transforms into (Ojg, 022, 032* ^42), 

^2~^18'^l''l'a22-^2''i'a22^3 •4*®42^4 i 

and so on. 

Thus the given fact of the invariance of th6 product of 
with an arbitrary 4 -vector determines the coefficients in the transform- 
ation of this set of quantities' c 

Further since we know that any 4 -vector d6es satisfy the condition, 
these coefficients will be the same as the coefficients of transfomAtion 
of any 4 -vector, that is (JTi, ^2, -^3, X^) is a ^-vector. 
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8. On 6-veotors. 

There is a second kind of vector with which we must deal 
in four-dimension space which is subject to the same type of 
transformation as an element of a ‘two-dimensionality’ or 
‘ surface.’ 

If we think of the coordinatce of a point on such a surface as functions 
of two parameters X and /u, then in the neighbourhood of a pair of values 
which are not singxilarities we have 

da;=ajdX+&id/t, 

^ W = ^4 dp. 

Taking a small closed region of values of X and p we obtain a small 
element of a ‘surface.’ We define six quantities («j, « 2 > « 3 > < 4 » *6) by the 
equations 

«3=«r||^j-o-(a,62-«2ftiX 

0 (y, w) , , , . 

«6 — = <r (02 64 - ^4 hh 

where if X, fi are thought of as coordinates in a plane o- is the small area 
in this plane which contains all the values of X, /i in question. 

The set of six quantities (8i, 82 , s^) will be denoted in the 

aggr^ate by §. 

We define the prod'^ of two such qtumtities as 

(SbS^') — SjOp + ^2^2 "t" OfSg + ^4^4 + OgOg ”1" OgSg . 

By actual miiltiplicafion we find 

* ($S') -o-o-' {2 («a') . I (»') - 2 (aft') . 2 (a'ft)}. 
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Now the qiiantitiee 

(aiSk, a^dX, OadX, a^dX), 

(6id^ biSft, b^Sft, biSfi), 

and the same quantities with dashes, constitute four 4-veotors, so that 
, Saa', Sbb', Xab', Xa'b 

are invariants of any Minkowski transformation. Hence ($$') is an 
invariant. 

It follows as in the case of 4-vectors that all quantities of the type of 
$ undergo the same linear transformation when (x, y, u) are subjected 
to one of the Minkowski transformations. 

We therefore introduce the definition — all quantities which 
are subject to the same transformation as that which applies to 
the elements of surf axies ^ will he called ^-vectors. 

We have the characteristic property that Idve necessary and 
sufUcietd condition, that a set of six quantities denoted in the 
aggregate hy ^ shall form a Q-vector is that the product ofl^ and 
an arbitrary element ^ shall he an invariant. 

This is proved exactly as for 4-voctor8. 

9. The vector product of two 4-vector8 is defined 
thus. 

If (a!i, as*, iyi, y^, yj) are two .4- vectors x, g then 

the vector product oft and g is the set of six quantities 

(«sy, 

(a?iy4 - «4yi), («2y4 - x^y^ {x^y^ - x^y^), 

and is denoted byXx, g]. 

It is clear from the above that 

' [X, g] is a %-vector. 

The general 6- vector is not capable of representation by an 
area ^.ibr the six component^ of $ are connected by the relation 

whereas from the.definition* given o{.a 6- vector this is clearly not necessary. 

10. The product of a 6-Tector and a 4-vector. 

Let (^, iS, Wy, yu,-^u) be any 6-v€fctor and let 

^r’-iy, etc. 
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Then the set of four quantities 

y .ary Z .xz + U . xu, 

+ z .^ + u . yu, 

Z asx .zx y .zy +m. zii, 

X .^-^y .uy z . uz, 

where (x, y, z, u) is any As-vector, make up a A-vector. 

For if we form the product of (JT, V, Z, IT) and any other 4-vector 
(.v', y, /, ?«') we obtain 

Xaf Jf Yy' -If Uu' 

—yi!)-\-zx{po^ — zwf)-\-^{^oif — xy') 

— xu')-^yu{tiy‘ —yvi)-\‘Zu — zu'), 

and this last expression is the product of two G-vectors aiid is therefore 
invariant whatever tlie 4-\'ector (.r', y, z', «')• Thus (X, Y, Z, U) i» a 
A-vector. 

If jp is the 6- vector, and r = (x, y, z, u), we shall denote this 
4-vector by [t^]- 

11. Reciprocal 6-vector. ^ 

With any 6-vector 

Jp = (yi, zii, yu, iw) 

^ ^r 

is associated another reciprocal ^-vector, obtained by intei'change 
of the components in pairs thus 

jp' = {xu, yu, iw, yz, zx, xy). 

To shew that ^ is a 6-vector it is sufficient to show that, p,. <( being 
any 4-vectors, so that [pc)] is a .6-vector, ([p, ()], §i') is invariant. 

' ' tr 

Let [p, 61 be the set of quantities <Qbtained'from [p, q] by the same 
interchange as that which give|i iMm 

Then •(C^«13f') = ([P,<lL-3f)- 

y therefore it can be shewn that [p, eff is a 6-vector, this product is 
invariant, which is what we seek to prove. 
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To Hhew that [p, qj is a 6- vector we multiply by the 6-vector [r, 
the product of any two other 4-vectors. Then 


+ ... 

Px 

+ ... 

Py 

4--.- 

Pm 

Pu 

9x 


<Im 

9u 


*‘y 


ru 

»x 



»u 


and this determinant is known to be invariant (p. 91). 

12. Differentiation of vectors with respect to a 
parameter. 

If r is a 4-vector (or, y, 2 , u) which is a function of a number of 
parameters (X, v, ...), then since 

r (X, /A, V, ...) is a 4-vector 

and r (X-t-8X, p + dfi, ...) is a 4- vector, 

therefore the difference dA ^ is a 4-vector. 

Thus are all 4- vectors. 

0\ Ofi 

Hence Ike vector product 

that is the set of six Jaaohians 

(d{y,z) d{z,x) d{x,y) 0(^,w) 8 (y, m) 0*(a, w)\ 

is a 6-vector. 

Forming the product of this 6- vector with the 4- vector g- , 

fdv ^\1 

Lav Vax ’ d^J J 


is a 4-vector, that is 

^ /9 (y» “) 


, /0(y, z, M) 8 ( «, X, y) d(x , 

V0 (\ fi, v) ’ d (X, /*,»)’ 8 (X, 8 (X 

constitute a 4- vector. . 


B (x , y, A )\ 
8(X, /*, v)J 


Lastly, multiplying this by the 4-vector we have 

8 (x, y, z, u) . 

«- 7 r— ^ ; is an invariant. 

8 (X, fi, V, 'r) 
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13. Einstein’s addition equation in ▼ectorial form. 

In the four-dimensional world of Minkowski, the motion of 
•a point in ordinary space it represented by a single curve or 
continuous one-dimensional aggregate of points (ar, y, z, u) 
(Weltlinie). 

If we take two points on this curve near to one another the 
differences of their coordinates are the components of a 4-vector; 
let us say 

Sr = (Sa;, By, Bz, Su). 

Then since the absolute value of a 4-vector is invariant 


I Sr [ = (Sa;* + By‘ + Bz^ + Bu^)^ = Sm (1 - = Bu//c 


is an invariiint, where w is what we call the velocity of the 
point in ordinary space, that is, (Sa:® -H Sy® + S«*)^/Sf. Hence 
dividing the 4-vector Sr by this invariant we have 


K 


'dx dy dz 
.du* du’ du’ 


1 


^ is a ^-vector. 


or on multiplying by ic 

to = /e («>a:, Wy, Wg, ic) is a 4i-vector. 

This statement gives the Einstein addition ecpiation if we 
apply the particular Lorentz transfornyition. For, writing in 
full, we have for that case, as in § 6, p. 91, 


/ • 'ly ^ \ / 1 ) 2 ' 

k'wx^ I H — . xic \ where yS = I 1 ^ 

% 

= (Wx — V), 

K'Wy — KWy, KWg = KWf, 

x'ic »“ /S ^ Kic — ^ KW^ . 

The last equation gives 



Substituting this in the remaining equations, we have 


.w, = 


Wx — V 


WJOa. 


C. R. 


7 
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14. .An important invariant. 

We have seen that is an invariant. 

d (X, /X, j/, r) 

Hence for corresponding four-dimensional regions 

is an mvgrianL 

If the region of integration corresjmnds to all the points of a three- 
dimensional volume V in one systcpi of coordinates, considered for a 
definite time jT, then in any other system the region corresponds to the 
poitlts-of another volume, which we will cidl and corresponding elements 
of time ^J-re so related that btjK is invariant. 


** Hence 
where . 




T T 


Thus k'V'^kV 

or, what is the same thing, k V is invariant. ^ 

This is a generalization of Einstein’s treatment of the Lorentz cou- 
traution in volume. 


General Theorems in four-dimensional VECTOR-ANALYsisf 

*15. The generalization of Stokes* Theorem. 

The importance of the well-known theorem of StokesJ in 


t Large^ developed' by Sommerfeld, AnnaUn der Physik, 32 (1910), p. 749. 
and 3^ (1910), p, 649. 

* That i», 

jvaM=cHXdie+¥dy + Zde) 

■J'J i \^y ~dz}'^^\dz dx}^^\dx dy/l 

=11 (oorlv. AS). 
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mathematical physics lies in the fact that it enables us afi,'wc@ 
to see that, if P = (^X, Y, Z), the vector ‘ curl,’ whose componie^ts 
are 

dy dz ’ dz dx’ dx dy ’ 

is an invariant vector ; that is, if the axes be changed and the 
components of the vectot (X, Y, Z) relative to the new axes 
are called (X', Y', Z'), then the quantities 

dZ' dY' dX' dZ' dY' dX' 

V 9^ ’ 9a;' ’ dx' dy' 

are the components relative to the new axes of the same vector 
as that which is given by the former expressions relative to the 
old axes. 

In firct the expression ^Xdx+ Ydy Zdz is independent of 
the axes used, being equal to /(Pds). Hence //(curl P . dS) is 
unchanged by a change of axes whatever the area of integration, 
so that it follows at once that ^urip . dS) is an invariant what- 
ever be the direction of the element. 

t 

We Ccin therefore write down at once the transfonuation' 
formulae for the quantity curl P ; they will be identical 'v^ith 
the formulae for any^ other vector. 

In the extension of this to four-dimension vectors, the in- 
variance which follows from attaching a geometrical meaning 
to a vector product has to be repLaced by a corresponding in? 
variance which is demonstrattid algebraically as above*. 

Jf^ = (X, F, Z, U), 5s = {Bx, By, Bz, Btt) are two ^-vectors, them, 

j (pbS) = j (Xdx + Ydy -t- Zdz +'Udu) 

round any closed curve is invariant. 

* See pp. 92 and 93. Sommerfeld uses a quasi -geomeifcrical language^ but 
the a^eal to pure geometry of four dimensions is in reality only disguising 
an algebraic argument. 


7—2 
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This integral may be transformed into 

//(i-f) (f -S) (U-f 

+ s) + (If- (af- If)*-*"’ 


taken over a closed two-dimensional region of which the original 
curve is the boundary. 

The integral is an invariant whatever be the region of 
integration, and in particular for any infinitesimal region round 
a given point whatever the direction of the element. Since 
therefore the elementiiry region of integration is itself a 6- 
vector, the set of six quantities 

(dz _dY dj^_dz ^Y_djc 
\3i/ dz ’ dz dx' dx dy ’ 

^JJ_dX ^U_dY d_U _dZ\ 
dx du ’ dy du ’ dz du) 

constitutes a G-vector (p. 93). We denote it by ‘ curl p.’ 


*16. The generalization of G-auss’ Theorem. 

The last paragraph treated of an extension of Stokes’ 
theorem. Consider now a generalization of Gauss’ theorem, viz. 


dY 

dx dy dz 


j I Xdydz + Ydzdx -l- Zdxdy 
or .in vector form 

//(P«i./// div rdV. 

We have, by exactly similar processes, the result 
J jj(Xdydzdu + Ydzdudx + Zdudxdy + Udxdydz) 


^ dxdydz, 


=////(^ 


dx ^ dz m 

dy ^ dz^ du 


^ dxdydzdu. 


The right-hand side is a scalar quantity, and dxdydzdu (i.e. 

' o>N~ — (dXdfjkdvdr) is an invariant of the transformations. 

a(X,/*,v,T) 
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Thus taking a very small region of integration, and supposing 
(X, Y, Z, U) to be a 4-vector, since {dydzdu, dzdudx, dudxdy, 
dxdydz)^ is also a 4- vector, it follows that 

^x ay az 

dx dy ^ dz dv, 

is an invariant quantity. We may call it the ‘ divergence of the 
As-vector ’ (X, Y, Z, U) aild denote it hy ‘ div p.’ 


*17. Conversion of a double integral into a triple 
integral. 

Occupying an intermediate place between the theorems of 
Gauss and Stokes is the formula connecting a double integral 
with a triple integral in four dimensions. 

Starting from any 6-vector ^ and integrating over the 
boundary of any closed three-dimensional region we have 




dydzdu + qydzdudx H- qzdudxdy + qudxdydz, 


where 


o = 

. dx 


dy dz du ’ 

.1. I 

dz • du ' 


zx . ^Pzy . dP nt 

a/c""^ dy' '^'du ’ 

dPrjoc . ^P uy I ^P tMt 

dx '^ 'dy t dz 

Let d'W — (dVx, dVy, dVg, dV^) stand forithe 4-vector (dydzdu, 
etc.). Then, since is invariant whatever the element dSb. 

and since 


=JSJi9^<ir. + q,dr, + q,dr,) 


t That is, 

j j (y, *. «) 3 (*. «. *) 9 («• ** y) 3 (*, y, «)\ 

^ ’ 0(X,M. o’ 9(X.A»,-)’ 

supposing the bounding surface to be given by r= const. See p. 96. 
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whatever the region of integration, 

Qx^'^x "f" “I” u 

is invariant whatever the 4-vector element dl7. 

Hence ^ = ( 9 *, q^, < 7 *, qu) is a 4i-vector. 

« 

Following Minkowski it will he convenient to introduce the 
definition* 

q = lor^. • 


18. A generalization of Greenes Theorem. 

If R is a 41-vector and is a 6-vector 

div [al3] == (i8 curl a) + (a lor 33). 

This is at once seen on writing out the expression on the left, namely 

g 

dx ^xt “t" ®i£ ^acw} •••*4* ••• + ... 


fdB^ 


, ^ ^zx , ^-^n x 

dx dx dx 




= (tt lor '^) + egS curl o). 
We may say that this is a generalization of 

div (0f)=^divf+(f.V<^), 


whore ^ is a scalar and f a three-dimension vector. 

In particular if 38 = curl i>, we have from this equation 
div [a curl i>] — a lor curl b *» curl a curl b 

= div [b curl a] — b lor curl a. 

This is analogous to the equation 

div (<^ . - </> di V (V^fr) = V<f^Vylr 

= div (y/r. V<li) — yjr div (V<^). 


* Suggested by the name of Lorentz. 



CHAPTEK IX 


THE FIELD EQUATIONS OF THE ELECTRON THEORY IN 

MINKOWSKI’S FORM 


1. We may now apply the above analysis to the equations 
of electromagnetic theory. 

If we take the fundamental equations of Lorentz, 

57 + curl h = , 

c ot c 


and write 


div e = p, 
-jj+curle = 0, 
div h = 0, 


and 


• ( C C C ) 

Fyz = hxi -^aw/ = 

Fxu, ” y ^^zy 

calling the aggregate of tliese last six quantities jp the first pair 
of the above equations becomes 

dF^ 


9-^jya 
dx 
dF^ 
dx •' dy 
^F^ . dF, 


dF^ dF^ 
dy dz 

dF„. 


du 

dF. 


— 8x 


j. ^ = 


dF, 


iy 


dx 


uy 


dy 


dz 


^F ^ 
dz 


du 


— ^y> 


^ du 


— 
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Now we have seen in the preceding chapter that if Jp is a 
6-vector the left-hand members of these equations constitute a 
4-vector which has been denoted by ‘ lor 

Hence if we suppose that S is a 4- vector the above equations 
represent' the equality of two ^-vectors, a relation which is 
invariant for any of the transformations. 

But we have seen that if 

~ i.^yzt ^ zoiy ^yuy -^zu) 

is a G-vector, so also is 

— (^XH, Fzx, Fxy)- 

'Hence interchanging —ie and h in Jp we see that 

JF' = (-ie,h) 

is a 6- vector. 

Hence lor Jp' is a 4- vector. 

But the second pair of equations gives for the particular set 
of coordinates used 

lorjf' = 0, 

and this expres.ses another invariant relation. 

Thus by the use of Minkowski’s notation the invariant form 
of the equations is expressed in the statement that the field 
equations are vectorial relations, and therefore independent of the 
particular set of coordinates used, and the conditions for the 
invariance are 

(i) iF “ (**> ~ **) ^ ® Q-vector, 

(ir) S =s p (ux, Uy, Ut, ic)lc is a ii-vector. 

2. The total charge in an element of volume is 
iu'variant. 

L 

This follows at once from (ii). 

For ^ — i') is a 4- vector. 

The square of a 4- vector is invariant. 
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— '-i)=-/>V** 

Hence pjx is invariant. 

In fact the 4-vector S and the velocity 4- vector «(«*, Uy, u^, ic) 
are two 4-vectors in the same direction, their invariant ratio 
being pjKC. 

Hut if SF" is an element of volume moving with velocity 
(ux, Uy, Uz) we have .seen above that 

tcS V is invariant. 

Multiplying those two quantities we have 
pSV is invariant. 

3. Conservation of electric charge. 

We have identically 

div (lor = 0 
hence div S = 0. 

This is the equation of continuity of electricity, expressing 
the fact that the charge moves but does not change in amount. 

4. Other invariants in the most general transforma- 
tion. 

Since the product of two G-vcctors is an invariant, we have, 
in the case of the free aether, 

(h, -fe)» = h»-e“ 

is an invariant; that is the difference of the squares of the 
intensities of electric and m^ignetic energies is an invariant. 

Remembering too that invariant, (\, p, v, t) 

being any four independent partvmeters, we have also 

(p} — e*)dxdydzdt - 

« 

is an invariant, for eorrespondihg regions of integration. 



But 


S” 
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This invariance associates itself at once with the derivation 
of the field equations of the free aether as those which are 
necessary to give this integral a stationary value. A knowledge 
of this fact would have enabled us to anticipate the invariant 
form of those equations. This will be further dealt with below 

(pp. 111-2). 

Further since JF' = (— le, h) is al^o a 6- vector the product 
(JFJF') = (h. - »e) (- h) = - (eh) 
is an invariant scalar quantity. 

Thus we have the invariant property that ‘if the electric and 
magnetic intensities are perpendicular in any one system of 
reference, they are perpendicidar in any other' 


*5. The electrodynamic potential. 

The equation lor Jp' = 0 

is satisfied identically if we put 

Jp = curl H, 

where a is any 4-vector function. 

We shall call this 4- vector the ‘ electrodynamic potential’ 
Substituting in the equation 

lor = S 

we obtain lt)r curl a = S. 

The first component of this equation expanded is 



fdOy 



(9a* 

0a*) 

1 + 1| 

(9a„ 

0aa!'\ 

d'r 

( dx 

^y) 

(0a; 

dz) 

01* ' 

[dx 

01*; 


g 

that is ^ (div a) — □ a* = 

where □ <f> stands for 

^ ^ ^ 

Bar® 0u» ’ 

We may now, if we choose, subject ‘a’ to the restricting 
condition ‘ ^ 

div 8 = 0, 
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for as in three dimensions we can form a vector field having 
any given circulation and divergence, and the restriction is not 
inconsistent with the equation satisfied by af- The 4- vector a 
then satisfies the equation 

□ a = -8, 


which is an exact generalization of the equation satisfied by the 
electrostatic potential <f>, namely — — p‘ 

In ordinary notation we have 







and 


— F xm 


dx du ’ 


or 



1 ddx 
cW' 


Cy — 


.9a„ 


1 0a„ 


• 1 ^Ctz 

^ dz c dt ' 


Here clearly, (a*, ay, is Maxwell’s ‘vector-potential’ 
(.F , G, H), while Ou = where 4> is what is known as the 
‘scalar electromagnetic potential.’ (See Maxwell, Electricity 
and Magnetism, § 698, 3rd ed.) 


*6. Retarded potentials. 

m 

We have seen above that the electric and magnetic in- 
tensities e, h of the fundamental electron theory can be expressed 
in terms of a 4>-vector potential by means of the equation 

== (h, - le) = curl a, 

where a satisfies the equation 

□ a«g 

and , *)■ 

t In fact we have, since 

^ • □ (div a) ~ div (□ a) =0, 

which is an identity. 
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Now if the field is due to the motion of point electrons, the 
potential satisfies the equation 

□ a = 0, 

except at the isolated points occupied by the charges at any 
instant. 

The following values of the oi'dinary vector and scalar 
potentials have been given by Li6nard and Wiechert* for the 
field due to the motion of a single charge e in any manner : 


4^ r 




cJ 


where r is the distance from the point {x, y, z) at time t to the 
point occupied by the electron at time and the values of 

u and ^ir are to be taken for the time also. 

Using the Minkowski notation we have 

^ e r u, tc 1 




(*-f) 


If we call (xi, yi, Zi) the coordinates of the electron at time ti the 
condition 

r 

c 

gives (x - Xi)^ + (y- y,)* + (z- z^f - c* (« - = 0 ; 

and subject to this condition 

^ 

4w ■ c (< - <1 j - {(x - Xi) Vx + (y - yi) Vy + (^ - ^,) i/*|/c 

e ^ 

“ 47r (tU) ’ 

where tl is the 4-vector 

' (?■ *)., 

and r is the 4-vector 

{{x-xi, y-yi, z-Zi, tc (<-«,)}. 

* A. Li^nard, UEclairage ilectrique 16 (1898), pp. 5, 53, 106 ; Wi'Hshert, 
Arch. Neerl. (2), 5 (1900), p. 549. 
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The fiust that a is a 4-vector, and hence the relativity of the 
potentials of Lidnard and Wiochert, is now clearly shewn by the 
fact that the factor U in the ijumemtor is a 4-vector while the 
factor (ru) in the denominator is an invariant. 


In fact the above expression is the simplest 4-vector ex- 
pression that can bo written down subject to the condition that, 
for the particular case of the electrostatic field due to the charge 
e permanently at rest, it shall reduce to the form given by 

e 


a = 0, <b — 


4<Trr ’ 


namely 




find it is only necossfiry to shew that this 4-vcctor satisfies the 
e(|uation 

□ a = 0 

at all pcunts and instants except those for which t vanishes, in 
order to verify that fl is actually the potential of the field. 


*7. It may be worth while to give here a simple proof of 
this factj. 

We start from the simplest solution of the equation 

□ = 

namely 

= ^ = + (y - yi)* + (^ - )* - c* (« - 

1 

which is an immediate extension of the ordinary solution ^ - 

of the equation = 0. 

Now in the case of an electron moving along a curve let its 
coordinates ifi, U) be expressed as analytic functions of 
a single parameter or the real values of which determine the 
sequence of positions tfiken up at various times. 

t Gf. below the work founded on that of Poincard for modifying the law of 
gravitation to conform to^the Principle of Relativity. 

t The proof here given is somewhat similar to that given by Herglotz, Q'dtt. 
Nac^. 1904, p. 649. For* a very full account see Abraham, Th. der Elek. it. 
2nd ed. (1908), pp. 35-68. 
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Then on substitution we have 


tf> =f(x, y, z, t, a), 
and this expression satisfies 


□ <#> = 0 

identically, and will therefore satisfy it equally if we allow a to 
take an imaginary value, though it would not then correspond 
to an actual point (sci, yi, Zt, * 

If cr, is the real value of o- corresponding to a particular 
point (a?,, yi, Zi, t^) which is such that 

(x — a?,)* + (y - yiY + (z- ZiY = c^it- 
consider ^ / </>d<r tjiken round a finite closed circuit of complex 

values of <r enclosing o-j. Then this quantity also satisfies 

□ </> = 0 . 

Lot ^ be expanded as a function of (tr — Ci) in the neigh- 
bourhood of o- = o-,, ketjping (a;, y, z, t) fixed. Wo have 

-li + BtiY 

1 

“(t-r,/ + 2(r-rx, 8r,) 

~ 2(r-r,, Sr,) 


to the first order. 



Thus <f> becomes infinite to the first order at o- = <ri with 
residue 

^2 {(x - a?i) w* + (y - y,) Uy + (z- Zi)u^ - c® (< — <i)} . 

Hence 



“* + (y ” y») % + (« f Zx) u^ - c*(< - «,)), 

and this is a solution of Q *= 0, ^ 
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whatever be the real parameter o-i used to determine the position 
and instant (x^, y^, Zi, ti). If in turn we put <ri = Xi, y^, and ti 
we get 

^ (t^ai, Uy, Uz , i) 

{x - ar,) u* + (y - yi) u„ + {z - z^) Ug - c* (« - <i) ' 

Thus it is verified that the expression 

- JL 

47r(rtt) 

for a is a solution of □ a = 0. 

*8. Relation of the Aindamental equations to the 
principle of least action. 

The analogy just suggested between the electrostatic equa- 
tions in three dimensions, and the electrodynainic in four, may 
be carried further. 

It is well known that for a given distributi»)n of charge of 
density p, the vector field which makes 

jj I^JE'^dxdydz 

stfitionary, subject to 

div E =p, 

is that in which R is the gradient of a potential. 

Consid&r now the •variation of the invariant integ^l 

A =JJJJ^Jp‘^dxdydzdu, 
subject to lorjp = S, 

where is a 6-vector, and S is a 4rvector given at all points of 
the four-dimensional region, S being kept constant in the 
variation. 

Then SA = JJJf iF SJfdxdydzdu, 

and the variation is sulyect to 

iorJj:=8, 

, lor (JF + ^iF) = 8. 

*= 0 . 


sincS 
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Hence lor = 0, 

and therefore the 6-vector Sjp' reciprocal to Sjp can be obtained 
fh)m a vector potential 

8JP' = curl Sr. 

But 

= curl 8a 

= div[8aiF']-(Sa.lorjF') 

by the generalization of Green’s Theorem, p. 102. 

Hence 8.4 *= — jjj ^ Sa lor dxdydzdu + /, 

where / is a triple integral over the outer boundary of the four- 
dimensional region of integration. 

Assuming that I vanishes when the region is the whole of 
space and tiine, we shall obtain a stationary value for A for an 
arbitrary variation in the vector potential a if, and only if, 

lor jp'=0. 

Hence it follows*, interpreting the results in the ordinary 
notation, that the condition that the ‘ action ’ 


* — ^ydxdydzdt 


shall be stationary, stihject to the equations * 

1 /9e . \ 




p — div e, 

for the most general variation of e,h subject to p and u being kept 
constant, is that 

1 ah , 

--gj = eurle, 

and 0 =s div h. • 

The further question of the variation of A when p and u are 
varied will be considered later (pp. 158-60). 


Cf. Larmor, Aether and Matter, Chap. VI. 



CHAPTER X 

MINKOWSKI’S ELECTRODYNAMICS OF MOVING BODIES 
[For a siuumdrj of the maiti conclunions of this chapter, see pp. 133-4.]] 

1. Returning to the vexe<l question of the electrodynamic 
equations of moving bodies, we have now a .powerful means of 
attack from the point of view of the ‘principle of relativity.’ 
Leaving aside all direct experimental investigation ks to what 
is the proper form of the equations, and also all constitutive 
theories of matter such as that of Lorentz, let us examine what 
forms of the equations are consistent with the general hypothesis 
of the complete relativity of all phenomena. In Minkowski’s 
. terminology this hyjwthesis is that all relations shall he vectoTrial 
relations in. the /bur-c^imensional space. The equality of two 
4- vectors or 6- vectors is a relation w'hich is independent of the 
choice of coordinates. 

We have d^en that Lorentz’ fundamental equations have 
been put into the vectorial form 

lor 

loriF' = 0, . 

where -le), Jf' =: (- te, h), 

and * “ ^ ’ 

the necessary aiid sufficient conditions for the invariance of the 
equations being that shall be 6- vectors and 0 a 4* vector. 

cf. B. . 8 
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Now in all theories of the phenomena in moving bodies the 
equations proposed have the form 

1 aD . , „ _ 

div D = p, 

- ^ + curl E = 0, 
c . 

div B = 0. 

This is the form as used by Minkowski. To obtain that of 
Lorentz we substitute for H, H + [uP]/c, where P = D — B ; 
and for 8 put (J H- pu)/c, where J is called the condwtwn current. 
To obtain that of Hertz we substitute for E, E — [uB]/c, for 
H, H + [uD]/c, and for S, (J + pu)/c. 

These equations may be written 
lorjF = 8, 
lor = 0, 

where 

©, = (E,»B), 

and S = (8, pi). 

These equations will be invariant provided ^ and are 
6-vcctors, and S is a 4-vectOi'. 

The principle of relativity requires then that 
(H, -iD), (B,iB), 
and the associated quantities 

= ffi-(B, -iE), 

obtained by interchange as in § 11, p. 95, and afterwards multi- 
plying by i, shall be 6-vectors. 

2. These conditions may be compared with those obtained earlier as 
a consequence of the Lorentz constitutive theory of matter (p. 82). For 
the particular Einstein transformation they become 

Dy=fi^dii g +— <(®)» 
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= ^ (17), 

-&y = ^ ^Cy — ~ 5 jp^ I ^Cg 4"™ (0» 

-®af“Aa 5 , 

If we take h, d, e, b to fefer to a point at which the velocity of the 
matter is momentarily zero, the velocity at the point is — v in the system 
in which the corresponding quantities are H, D, B, B. 


If, in oi-der to change to Lorentz’ notation, we put H+[llP]/c, that is, 
(Ex 9 Ey+vPgjCy Hg - vPyjc) for H, we have 

^x=A*, J7,+H p,=/3^A^ + ^rf.), ,..(,j) 

in place of (^). 

Subtracting ( 171 ) from (/ 3 ) and putting M»B — H, m=b — b, 

M, + ^Py=fi(7n,+^ 

(f*i)» 

and subtracting (e) from (fi) 

Px=Vz-> P,=p(p,-^my^ (®r), 

whence A'y=(i (l “ wh/ = m,//3, i/,=^ •••W. 


which are exactly the equations obtained above (p. 82 ) by the kinematical 
method. 


3. Analysis of the stream 4-vector. 

If we consider the components of the 4-vector ‘ 8 ’ in two 
systems of coordinates in one of which the point of the material 
medium in question is momentarily at rest, and in the other of 
which it is moving witfi velocity v parallel to the axis of ai, and 
if we apply the Lorentz transformation for 4-vectors (the same 
transformation as that for w, y, z, t) we have 

\Sy:\^/3(8,-vplc% 


8— —2 
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(^J/)o Sy, 

(s,x = s„ 

Po~ 0 (.P “ 'oSxIcX 

where the suffix # applies to the system in which the point is 
at rest. 

We may interpret these equations ^s follows. The quantity 
c being the’ total current at a stationaiy point, will be 
called the conduction current for the body at rest. If we call 
c8 — pv the conduction current (y) for the moving medium, the 
following equations hold for the transformation of the conduction 
current and density ^ 

jx — jy — (JyX> Jz ~ iJzX ') 

P = ^ j*)o| , 

which are the same equations ns those obtained directly from the 
Einstein formulae save that the sign of v is different through- 
out. 

More generally we may put these results as follows. Let U 
stand for the velocity 4-vector 



which is such that tt® = — 1. Suppose S the total stream 4- vector 
to be resolved into two parts one parallel to U and the other 
orthogonal to it*; that is 

let S = Xu H- 

where (|u) = 0, and X is an invariant. 

Then (SU) = Xu* + (f u) 

= -X 

= (»oUo). 

* Two 4-vectors a, b are said to be orthogonal i{ their scalar produGt^(ab> 
is zero. 
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For a body at rest the velocity 4- vector u becomes (0, 0, 0, i), 
so that, \ being orthogonal > it, we have 

Thus the resolution of S becomes in this case 


\v* PoO* 

Hence (SoU J = — po = ~'K. 

Thus S is resolved into a convection current 

V /u-. u, A 

and a conduction current 

f = S + tt(8tt)A 


4. The Constitutive Equations of a Material 
Medium*. 

The electromagnetic phenomena in a material medium, 
besides being subject to the general equations of the field which 
are the same in form for all media, depend also upon the 
characteristic properties of the particular medium. These 
properties are represented by certain equations connecting the 
vaiious quantities E, D, H, B, p, J, the simplest examples being 
the equations 

D=feE, B = J=o-B (1), (2), (3), 

which are characteristic of the simplest class of isotropic bodies 
at rest. , 

Now these ‘constitutive’ equations, as they are called, depend 
on exactly those factors in the constitution of the medium which 
are unaccounted for in the fiindamental electron theory. They 

* Mr HasB^ suggests to me that the treatment given here of the constitutive 
equations appropriate to media in motion is of wider scope than that of 
Minkowski. It has been constantly stated that the Principle of Relativity has 
no bearing on the phenomena in bodies which are in non-uniform motion, and 
many writers read Minkowski’s work in such a way as to limit the validity of 
the results to the case of uniform motion. It is hoped that the treatment 
given above may make it cfear that while the Principle of Relativity cannot say 
what Am the actual equatibns for bodies with variable motion, it does act as a 
criteifon of what those equations may be, and gives a very powerful means of 
devising such equations to be tested by experiment. 
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are therefore empirical and approximate, and various forms are 
proposed to explain such properties of material media as dis- 
persion, the rotation of the plane of polarization of light, and 
various .other electro- and magneto-optical phenomena. 

Now the principle of relativity in its generality, as we have 
seen, has a bearing on those factors in the constitution of 
matter which are not included in thd fundamental differential 
equations. The experiments of Rayleigh and Brace, for ex- 
ample, suggest that the scope of the principle must extend 
to the whole machinery of optical transmission in transparent 
media. That of Trouton and Rankine involves a considera- 
tion of the conductivity of metals to electric currents. 

The application of the principle of relativity to the consti- 
tutive equations involves then that these relations shall be 
restricted to have an invariant form when the electromagnetic 
magnitudes are transformed according to the vaHous equations 
that have been fourvd necessary for maintaining the invariant 
form of the field equations*. 

6. The three simple equations (1), (2), (3) quoted above are 
vector equations, and independent of the set of three-dimensional 
axes employed, <is they should be since they express physical 
characteristics of the medium, if we adhere to the Newtonian 
relativity. 

The principle of relativity requires that any equations 
adopted shall be vector equations in the four-dimensional space of 
Minkowski ; this is a sufficient criterion for the maintenance of 
the ‘principle. 

This criterion cannot be expected to determine uniquely 
what (he eqviations must be ; it only limits our choice in adopting 
an empirical equation. ^ 

The materials at our disposal in mtiking the choice are the 
various generalized vectors that have been developed above. It 
will be convenient to recall them. 

t 

* See also for the general criterion of relativity, Chapter XII, pp. 161-3. 
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^-vectors : 

and th^ associated 6-vector J|p, = (D, tH), 
®r = (B, — tB) and the associated 6- vector « (B, tB). 


4i-vector8 : 

f - [nJF ] = « {® + [»B]/c, »• (E uVc), 

1> = [UJF.]?* {B-[nB]/c, t-(Bu)/c), 

» = [uffi ]=*(» + [uH]/c, t (Du)/o), 

6 = [ttffi.] = * (H - [uD]/(!, i (Hu)/cj. 

It is now easy to write down relations connecting these 
quantities, which will for the case of bodies at rest lead to such 
three-dimensional equations as (1), (2), (3), p. 117, 


Thus, for example, if we put 

i(==ee (1), 

which is equivalent to 

D + [uH]/c = e(E-|-[uB]/c} (i). 


together with the eq^iation which follows from this 

(Du) = e(Eu), 


we have an equation of invariant form reducing to 


when u = 0. 




Similarly the eqiiation 


b = /a!) 


is equivalent to B — [uB]/c =» (i {H — [iiD]/c} 
with the resulting equation 

(Bu) = Ai (Hu), 
and is an invariant equation reducing to 


when u = 0. 


B»;<H 



^Equations (i) add (ii) are therefore constitutive equations 
which are consistent with complete relativity, the velocity u of 
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the moving matter not being i-estricted in any way to be con- 
stant, but only to be subject to the Elinstein velocity trans- 
formation. It may be repeated however that these equations 
are mggested, not demonstiated, by the above argument. 

In the same way if we desire an equation suitable to 
represent the facts of absorption and dispersion in a moving 
body we might take an equation of ‘the fonn 

+ + (4) 

as characteristic of a medium at rest*, and seek to obtain an 
equation between 4-vectors which reduces to this in the case of 
rest. Writing 

we have a 4-vector which reduces for the case of rest to 

= 0 ). 


Further, as we saw above "f, if the 4- vector p varies, then 


dt 


is another 4- vector, and again P “ * ^ ^ 

another. These results are true whether the velocity is 
assumed to be a constant or not. 


Then since the sum of a number of 4-vectors is a 4-vector, 
the equation 

ap-H6p + cp = e (4) 


would be an equation of invariant form, and so would satisfy 
the principle of relativity, while reducing for the case of a 
medium at permanent rest to the equation 


as desired. 


9 *** . 7 9 ** . B 


E 


But we are not able to postulate the Equation (4) except in 
the case of uniform velocity, because by definition the 4-vector8 
e, p are subject to (eu) — 0, (pu) = 0 and this is not necessarily 

* Of. Lorentz, Theory of Electrons, pp. 139-40. •• 

t p. 97. 
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true of and jp unless u is constant. The equations (1) and (2) 
however are not subject to a y restriction of this sort. 


6. The conduction equation. 

The generalization of the equation 

J=<rE (3) 

expressing the property ,of a conducting iiiediuin requires a 
little further consideration. We are not able to write 


S = 

since (tu) = 0 and this would involve the restriction (Su) = 0. 

But the analysis of the total stream S into a cotidiiction <and 
convection current (p. 117), of which the latter is orthogonal to 


U, allows us to take as a possible equation 

\ = «re (3). 

According to the results of p. 117 this is equivalent to 
pu/c + j = o-zc {E + [uB]/c} + poKuje 
and pi ~ trix (uE)/c + /?« xi, 

whence J = /3<r {E + [uB]/c — u (Eu)/c®} (iii ). 

For u = (v, 0, 0), this gives y* = <rEJ$, [Ey - vBelc], 

« o-y3 {E^ + vBy/c}. 


Thus the conductivity of the moving medium, defined as the 
ratio of the component cuiTent in any direction to the com- 
ponent of the force (E -|- [uB]/c) in that direction, is not the same 
for all directions, but for the direction of motion is less than 
the conductivity when the medium is at rest in the ratio 

1 : (1 — and for directions at right angles is increased in 

the same ratio. 

As in the case of Ihe other constitutive equations we could 
in a similar manner devise generalizations of any given relation 
between J and E to fit with the principle of relativity. 
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7. The Invariants the Equations for Material 
Media. 

From the C-vectors 

JF =(H,-a)), 

JF, = (D,»H), 

es =(b.-i:b), 

= .BX 

we can form the invariant products 

(iFiF.)-2DH. 

JF®=Jpi<!G, = BH-BD, 

JF®i= iFi® = BD + EH. 

The total charge in a given element of volume is not in- 
variant, as in the case of the electron theory equations, except 
when* there is no conduction current. This is not a contra- 
diction of the assumption of the cons^iwation of change, but 
has been shewn in Part I* to follow directly from that as- 
sumption combined with the Einstein kinematics. 


8. Faraday’s Law of Induction for moving circuits. 

It is well known that the equations 

div B ss 0, 

lead to the equation 

i®jjBdB=j'(B + [uB]/<!, <1«), 

where the symbol ^ is used to indicate that the closed area of 

See p. 88. 


* 
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integration is bounded by a movu;^g curve, the velocity of the 
element ds being u, and thi » the operations of differentiation 
and integration are not interchangeable. 

We have seen (p. 114) how to bring the fundamental equa- 
tions into line with the principle of relativity by writing them 
in the invariant form 

•lor ffii = 0. 


It follows that the law of {induction will maintain its form when 
E and B are transformed in the proper manner, that is in the 
manner implied by saying that ffii = (B, iB) is a 6-vector. 


It is probably worth while here to give a deduction of the law of 
induction from the fundamental equationn in the form used by Minkowski. 

The equation lor 

is equivalent to the equation 


taken over the boundary of any three-dimensional region in the space 
(ar, y, z, iet). 

% 

Written in full this equation is 


0=! j j E^dxdt ^ JS/lzdt -~{Bxdydz-{^ ByKizclx-^r B^dxdy)lc, 


Now let the closed two-dimensional region of integration be defined as 
follows : take an unclosed surface 8 in ordinary (or, y, z) s^)ace at a fixed 
time its boundary being called s. Supjx>se the points of the surface A to 
move, the velocity of a typical point being represented by u, and let A' be 
the displaced position of the surface at time ^+8^. 

The points of a in moving to their new position on A' trace onta two- 
dimension locus B (in t) which together with A and A' forms a 

closed region. 


If now we divide the whole integral into parts taken over A' and B 
respectively we can proceed thus. On A and A\ t does not vary. Thus 
for these two surfaces we obtain the integral 


8 ^^ j jlBxdydz-^Bydzdx+BgdJcdy)fc^ 

the <^fferentiation referring to the moving surface. 

On B the coordinates of any point are functions of two parameters. 
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viz. a (the arc of t) and t. Expresaing the various terms of the integral 
in terms of these parameters, we have 

t). 


fl 


E^dxdt 


0 + t) 

d (a, t) 


neglecting integi'aLs such as 

which will be of the oi*der 
Thus to this Older 


-// 

- / 


dadt 


and again 


y jdxdt^ht j 


. JIb . 8 G !»± M ^_«,0 
=//^ 


neglecting as before terms of order dfi. 


Thus 


f’.Vo 

da' 

u„. 


da 


dadl, 


Ih dydz^ht i Bx{u,difQ-Uydzo). 

Thus taking all terms together the original integral is equal to 
{Ex + {B,Uy-By w,)/c} + f }+dzo{ } 
+ j j{BxdycU-\-Bgdidx-\-B,dxdy). 

Thu.s we are led to the equation 

/(®+[uB]/«, *) + ;!/ 


BdS^O. 


In the same way that the law of* induction for* moving 
circuits is obtained, we may from the equations 

div D s p, 
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obtain 

|jJ(D.dS)-J(H-[llD]/c, d.)-jJ(S-/>u)dB 
= |H'd»-j’j'jdS, 

which is the generalization to a moving circuit of the ordinary 
circuital equation for stationary circuits. 

9. Boundary conditions at the surfhce of a moving^ 
medium. 

These follow from the fundamental equations of the field 
which are assume<l to hold everywhere, the discontinuity at 
the boundary surface of two material media being indicated 
by an abrupt change in the form of the constitutive equations. 
The case where there is on the boundary surface a surface layer 
of charge or current must always be considered as a limiting case 
of a thin finite volume distribution of charge or current, but in 
practice it is an important one, so that the equations will be 
obtained for the general case in which such a surface layer is 
present. 

(1) The two equations 

div B = 0, 
div D » p, 

lead in the ordinary way to the accepted eqiiations 

B«j + B}tj| ~ 0, ^ 

where the suffixes n,, Wj mdicate the components along the 
normal away from the dividing surface in each case, and a is the 
surface density of charge on that surface. 

(2) Apply now Faraday’s law of induction to a small area 
A which is bounded in the usual way by two elements of ad- 
jacent normals PQ, MS to the surface joined by tangent lines 
QR,*8P, this area being supposed to move with the surfiice. 
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Let PQ = as = Sn, QP = SP « Ss ; let JE,'^ denote the rcom- 
ponent of E' along QR, and Eg' the component along SP, En^ 
along PQ and En^ along R8. Then going round the circuit in 
the sense PQR8 we have 

f E'ds = ( + Eg,') Bs + (En,' + En,') Sn. 

Let Bn he the component of B perpendicular to the area A ; 
this is continuous, and will be assumed to have a finite differencial 
coefficient. It will also be assumed that ii the velocity of either 
medium is continuous in the neighbourhood of the boundary. 
With these assumptions we may write 

^JjBd8==bA^bSsSn, 

where 6 is a finite quantity. 

Dividing by 8s we have 

E.,' + iV ” - j 68» - (E„' + ^ . 

Pass now to the limiting case by making Bn and 8s both 
tend to zero in an arbitrarily small ratio, and we obtain 

Eg^' + Eg^' =s 0. 

Since and Eg^' are in opposite directions this means that the 
tangential component ofB', that is, q/" E + [uB]/c, is conUnmus. 

If we take the corresponding circuital equation for H* and 
proceed in the same way, we obtain 

J H'da « {Eg: + Hg^) Bs + (^n/ + Hn^) Bn, 

^J^DdA dBsBn, 

JjdA = A?, 

where d is finite and k is the total flow by conduction through 
the circuit. * 
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Thu^ dividing by £« and proceeding to the limit as before 
' ir„'+if^' = Lt 

<«-»o oa 

* . . . ' . k . 

Now if the current density j is everywhere finite, is 

finite, and therefore 

XtA=o. 

on 


But if there is a current sheet in the dividing surface, Lt (kjha) 
may be finite, and this limit is the current per unit length across 
hs. Calling this k we have 

+ Hg^' = K, 

remembering that the sense of k is such that a right-handed 
rotation about it gives the direction of a, on one side of the 
surface and *2 on the other. 


If ie = 0 then J?*,', that is, the tangential companetit of 
H — [uD]/c is continuous; or, in the notation of Lorentz, 
H + [uP]/c — [uD]/c, Ikat is, H — [uE]/c, is continuous as to its 
tangential component. 


10. Comparison of the Minkowski constitutive equa- 
tions with other theories and with experiment. 

The attempts that have been made in the past to formulate 
constitutive equations tor moving media consistent with the re- 
sults of experiment do not extend beyond a generalization of 
the simplest cases of the equations for bodies at rest, viz. 

D — eE, B ss J = (tE. 

The forms which are suggested by the application of the 
principle of relativity to replace these have been obtained 
above (pp. 119-21). They are, in Minkowski’s notation, if a is 


the velocity of the medium, 

D + [uH]/c= e {E + [uB]/c} (i), 

B-[iiII]/U,.(H-[uI)]/c} (ii), 
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If we neglect (m/c)® we obtain from (iii) the equation 

J = «t(E + [uB]/c), 

which is the equation that hus been adopted by Lorentz. 

The only experiment that bears on this constitutive equation 
is that of Trouton and Bankine which, as has been described, 
resulted decisively in a null elfect to the order of (w/c)® and 
therefore, in {Supporting the general hypothesis of relativity to 
this order, confirms the equation as the appropriate modification 
of the empirical equation of Lorentz. 

To compare equations (i) and (ii) with those proposed by 
Loi’entz we must make the change to’ his notation by substi- 
tuting H + [u, D — E]/c for H. 

Doing this we have 

(i tt) D + [uH]/c + [u [u, (D - B)/c]]/c = e (B -i- [uB]/c), 

(ii a) B — [uB]/c = /* (H — [uB]/c). 

The first of these equations becomes on neglecting («/c)® 

(ib) D = € (E -I- [uB]/c) - [uH]/c, 

while the second is exactly 

(ii b) B = /* (H - [uB]/c) + [uB]/c. 

Writing M = B — H and P == D — E as usual, substituting for 
B from (ii 6) in (i 6), and again neglecting {ujcf, we get 

(i c) P = (e - 1) ( 6/1 - 1) [uB]/c. 

(iic) M = (/i-l)(H-[uE]/c). 

For the particular case of a medium in which /i = 1 we have 
(id) P = (6-1)(B + [uB]/c), 

an e(iuation which has been verified by Wilson experimentally 
and adopted provisionally by Lorentz. 

It has so far been impossible to verify the tertn involving 
u in (ii c) owing to the difficulty of obtaining a non-conducting 
medium in which /i is appreciably different from unity, so that 
the term [uB]/c is illusory owing to the vanishing of the electric 
force. We see therefore that to the orderHo which experiment has 
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anything to say as to the correctness of Lorentz’ theory as 
represented by the fundamental field equations, together with 
the empirical constitutive equation^, it is entirely in accord 
with the principle’ of relativity. 

11. Hertz’ Theory. 

In the same way by the substitution for E of B — [uB]/c, for 
H of H + [uD]/c and for S of (J 4-pu)/c (see p. 114) we may 
obtain constitutive equations which render the field equations 
of Hertz consistent with the principle of^lativity*. 

If this is done the equations (i), (ii), (iii) become, to the 6rst 
order in (m/c). 


(i e) 

D -1- [uH]/c = eB, 

(ii e) 

B — [uB]/c = /iH, 

(iii e) 

J = <7E. 


It is the difference between these equations and the equa- 
tions (i), (ii), (iii), which Hertz assumed to be true whether the 
body was moving or at rest, that must be tested by the results 
of experiment before we can say definitely whether it is possible 
or not to reconcile the field equations of Hertz with the Principle 
of Relativity. It is ’clear that in comparing with experiment 
the interpretation of the meaning of the vectors E, D, B, H in 
the various theories must not be left ambiguous. It is by 
means of the boundary conditions obtained above that we are 
enabled to pass from the interior of the moving medium, where 
the meanings of the symbols are difficult of definition, to the 
free space through which it moves, in which the symbols must 
in every case have their ordinary significance. 

* It is ofteii taken for granted that the*%eld equations of Hertz are by 
themselves inconsistent with the principle of relativity. It should be empha- 
sized that this is not so, ej^cept in so far as they are united with a special group 
of constitutive relations connects ihem. 


O. R. 


9 
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12. Wilson's experiment*. 

The object of this experiment was to examine the eflfect on 
a dielectric body of motion through a magnetic field and 
especially to test the discrepancy between the equations (i b) 
and (i^). It was found that when this dielectric moved at 
right angles to the direction of a magnetic field of intensity H 
with velocity u there was an apparept electric polarization in 
the direction at right angles to u and H, and approximately 
proportional to the product ; t>ha,t is apparently an equation of 
the form 

was satisfied, reducing to the ordinaiy equation D = €E when 
u — 0, A; being a constant to be determined. 

Let the dielectric body be supposed to be a plate with its 
faces parallel to the plane of u and H, lying between two metal 
plates parallel to the same plane, and connected to the terminals 



Pig. 6. 

of an electrometer A. If ^ is the difference of potential, and 
XS the intensity between the plates, we have, neglecting the 
distance between the dielectric and the metal plates, 

^ = JSd, 

where d is the thickness ; and again, if er is the sur£ice density 
on the metal plate, 

D = 0-, 

and <r = G<f>, 

where (7 is a constant depending on the funa of the metal plates 
and the capacity of the electrometer. 

Thus we have ^ 3 ) “ ^ [****]* 

* H. A. WUBon, Phil. TroM. (A), 204 (1004), p, 121; ** 
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The values of G, e, d, u and H being known, the measure- 
ment of ^ affords a means tf determining k. 

This represents, simplified from experimental d^ils; the 
method of Wilson’s experiment ; the conclusion arrived at was 
that 

^= 6 — 1 . 

In discussing Wilscjn’s experiment from the point of 
view of Minkowski’s equations, it is to be remembered that, 

0]B 

since the field is stationary, = 0, so that curl E = 0 and E is 

therefore the gradient of a potential, whether inside or outside 
the moving matter, this potential being continuous at the 
surface of the medium. 

To use Hertz’ field equations we have seen that we must 
put E' = E — [uB]/c for E, and the difference of potential 
between any two points will then be /(E'/c, da). If this is 
done and the equation (i e) is adopted as the constitutive equa- 
tion, we can write, remembering that we are assuming /*==!, 

D = cE' + (€-1)[uH]/c, 

where /E'ds = ^, and there is no essential difference between 
the calculation and that following Lorentz, and the agreement 
with Wilson’s experiment would exist. In fact the whole 
difference between this modification of Hert^’ equations and 
the equations of Lorentz would be one of notation, and definition 
of what is mqaiit by the ‘ electric force ’ within a moving body. 
The vector E + [iiB]/c of Lorentz must be identical with the 
vector E of Hertz. 

But if Hertz’ original equation (i) is adhered to we have, 
while maintaining the equation /E'ds = <f>, 

D = €E' + e[uH]/c, 

so that any effect de^ndent on the last term would be greater 
than that predicted by the equation (i e) and confirmed by 
Wilson, in the ratio^ e ; e — 1. 

Thus Hertz* original theory, including the equation D » cB; 
is idbonsistent with the result* of this experiment. 


9— —2 
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13 . Bichenwald's experiment*. 

The object of this experiment was the investigation of the 
magnetic field produced by a polarized dielectric in motion. A 
circular disc of the dielectric substance, coated with a metallic 
sheet on each face so as to form a condenser, was rotated rapidly 
about an axis perpendicular to it, the two faces being kept at 
different electric potentials so jis to ^produce an electric field 
between them. It was then found that a magnetic field was 
produced in the neighbourhood of the condenser which, as 
measured by a magnetometer, was proportional to the angular 
velocity and to the difference of potential between the plates, 
but which was independent of the nature of the dielectric. 

This result is generally interpreted thus. The density of the 
charge at any point on the metal plates of the condenser is for 
a given diffei*ence of potential proportional to the specific in- 
ductive capacity e of the dielectric, and therefore produces at 
a given point if in motion with velocity v a magnetic force 
proportional to eVv. But owing to the polarization of the 
dielectric there is an ‘apparent’ density at the contiguous point 
of the surface of the dielectric proportional to — (e— 1)1^, 
giving rise to a magnetic force proportional to — (e — 1) Vv to 
be added to the above force eVv, so that the total force is pro- 
portional to Vv and independent of e. 

It may be useful however to look at th6 result in its bearing 
on the principle of relativity. The rotary motion in the ex- 
periment is the only convenient means of communicating a 
sufficiently large measurable velocity to the dielectric. The 
result is usually taken as being true for any state of motion. 
Here we shall only consider the case of uniform rectilinear 
motion as a whole. This being so we may choose a system of 
reference in which the condenser is at rest. Then at any par- 
ticular point outside the condenser, the distance between the 
plates of the condenser being small compared with their dia- 
meters, the electrostatic field is clearly proportional to the 
difference of potential ‘ V* between the •plates, and does not 
depend on the nature of the dielectric. This follows firom the 
* A. Eichenwald, Ann. d. Phya. 11 (1904), p. 491* 
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&ct that the plates of the condenser form almost a closed 
surface over which the p ^tential is known, and in terms of 
which the exterior field may be determined without reference 
to what is between the plates. The magnetic field is zero in 
this frame of reference since the system is at rest. Let the 
electric field be (Ex, Ey, Eg). Then changing to a system of 
reference in which the system has a velocity (— v, 0 , 0 ), we find 
from equations (a), p. 33, that the magnetic field is 

H' = /3(o, 

= /3 [vE]/c. 

and therefore, since E is proportional to V and is independent 
of e, H' is to the first onler in v/c proportional to Vv and also 
independent of e, in accordance with the experimental result. 

SUMMABV OF THE CONCLUSIONS OF THIS CHAPTER 

Constitutive Equations. 

The sets of field equations for moving material bodies as 
differently proposed by Lorentz and Hertz both fall under the . 
type 

1 aD , „ o 

-57 + curl H - S 

c ot 

div D = p, 

- ^ + curl E = 0 
c ot 

div B =s 0 , 

the essential difference being one of notation rather than form. 
In order to make a oomplete scheme of equations these ‘field 
equations’ have to be supplemented by ‘constitutive equations' 
characteristic of the matter in question. With the notation 
used above, that of Minkowski, a set of equations consonant 
with the principle of, relativity and with the requirements of 


existing experimental knowledge is 

D + [uH]/c = e {B + [uB]/c} (i). 

, B * [nS]/<! - {H - [uD]/o| (ii), 

« + iS’u {(8u) - pc*)/c‘ = <r/S {■ + [uB]/c} (iii). 
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Translated into the notation of Lorentz these constitutive 


equations become to the first order in uje 

D « e (B + [uB]/c) - [uH]/c (i 6), 

B = A* (H - [uE]/c) + [uE]/c (ii h), 

j = <r (B + [uB]/c) (iii 6), 

and in the notation of Hertz, they become 

D=eE-[uH]7c (is), 

B = /aH + [uB]/c (iie), 

J = <rB : (iiie). 


The constitutive equations adopted by Lorentz, viz. 

D == eB + (e - 1) [uH]/c, 

B=/tH, 

j = <r(B + [uB]/c), 

agree with (i 6, ii 6, iii h) to the order contemplated in experi- 
ments hitherto performed, being unity in the experiment of 
Wilson, but the equations adopted by Hertz, viz. 

D»6B, 

B = /*H, 

J=<rE, 

differ from (i e, ii e, iii e) by a term of the first order in the first 
of the three equations and are not reconcilable with the experi- 
ments of Wilson and Eichenwald. 

Boundary CondltionB. 

In Minkowski^ 8 notation, the conditions satisfied at a surface 
of discontinuity in the material media are that the following 
should be continuous : 

the tangential components of B + [uB]/c and H — [uD]/c 
and the normal components of B and D. 

In Lorentz* notation the corresponding conditions are the 
continuity of • 

the tangential components of B + [uB3/(; and H -[«»]/« 
and of the normal components of B and D. 



PABT III 

THE TRANSITION TO MECHANICAL THEORY 

CHAPTER XI 

THE DYNAMICS OF THE ELECTRON 

1. As in the first section it will be convenient to lead up 
to the bearing of the Principle of Relativity on this subject by 
giving an account of the earlier work. 

It had been noticed as early as 1881 (by J. J. Thomson*) 
that the charge carried by a body has the effect of increasing 
the apparent inertia of the body, the electromagnetic field set 
up by the moving charge exercising a reaction on the charge 
itself. 

When it was found in experimenting on the cathode rays that 
the carriers of the electric charge through the vacuum tube must 
be conceived as particles having an effective mass which was 
very small compared with the smallest material particle hitherto 
conceived, namely the atom of hydrogen, the possibility revealed 
itself that there might be cases in which the electromagnetic 
inertia of a charged particle was comparable with the whole 
inertia. This actually proved to be so when Eaufmann, experi- 
menting on the /9-rays emitted by radium, found them to be of 
similar character, save that their velocity was much greater — 
firom about *2 to *6 of that of light — and that the apparent meuss 
increased in a regular way with the velocity. 


* See footnote, p. 66. 
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This led Abraham to take up the theoretical investigation 
in a systematic way, and he came to the conclusion that the 
whole inertia as found hy Kaufmann. varied with the velocity in 
exactly the way in which the electromagnetic ineiiia should vary 
according to his theory. The conclusion drawn was that tlte 
mass of the electron is of purely electromagnetic origin*. In 
making his calculation, Abraham used the very natural assump- 
tion that an electron was a permanently spherical distribution 
of electricity. 

But, in seeking to construct a theory of the constitution of 
matter which should explain the FitzGerald-Lorentz contraction 
hypothesis, Lorentz was led, as we have seen in Chapter IV, 
to consider two systems correlated by means of a certain 
algebraic transformation, and he saw clearly that his argument 
only stood provided that the correlation extended down to the 
most ultimate parts, even to the conception adopted of the 
electron itself. Thus he was led to the conception of a moving 
electron jis contracting in the direction of motion to exactly the 
same degree as that required of a material body for the explana- 
tion of the Michelson-Morley experiment. An electron at rest 
being conceived as symmetrical about a central point, it thus 
became natural to examine the field of a small spherical 
distribution of electricity which, on being set in motion, is 
contracted to that extent, thus becoming' an oblate spheroid 
whose axes are in the ratio 

1 : (1 - 

On applying Abraham’s method to this conception of the 
electron, Lorentz obtained a result quite different in form 
from that obtained by Abraham from the conception of a 
spherical electron. 

Kaufmann therefore instituted further experiments with the 
object of deciding between the two conceptions of the electron, 
and his results seemed to favour that of Abraham. But recent 
experiments by Bucherer and others are at least as favourable 
to that of Lorentz as to that of Abrahamj*. * 

* Abraham, Thearie der Elek^ Vol. ii. p. 1^8 (2ud ed.). 
t For details, see pp. 151-2. ^ 
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In either theory it appears that we no longer have a single 
number or even a single function of the velocity which gives the 
ratio of the external force on the electron to the acceleration 
produced, but that in fact the acceleration is only in the 
direction of the force when that direction is parallel' to or 
perpendicular to the velocity, and that the -ratio of force to 
acceleration is different in these two cases. Now Lorentz was 
able to shew that this ditFerence between longitudinal and 
transverse mass of the electrons was exactly what was required 
in the theoiy of the Rayleigh-Brace experiment to neutralize 
the. aeolotropic distribution of them caused by the shrinkage of 
the refracting medium in the direction of its motion, and the 
null-result was so explained. On the other hand, if the ratio of 
the two masses as obtained by Abraham were adopted, a positive 
result would be exp<;cted to this experiment*. 

In just the sjime way, if the conductivity of a bar of metal 
is explained by the existence within it of free electrons, the 
shortening of the bar in tme direction is compensated by the 
change in the effective mass of the electrons ; with the result, 
verified experimentally by Trouton and Bankine, that there is 
no change in the total current transmitted when the whole 
apparatus is rotated into different directions relative to the 
velocity. 

It will be seen then that, step by step, Lorentz was able to 
give an account of all the unexpected experimental results. In 
the attempt to explain the FitzGerald contraction for a material 
body he is led to assume it for the individual electron, and 
hence is able to explain various other null results for matter in 
bulk. But as he himself points out there is no a priori justifi- 
cation for the assumption, the difficulty is in fact only thrown 
back another stage to a point where it is useless to analyse 
furtherf. To try to explain the contraction of the electron by 
further assumptions about forces would only be to take one 
more step in an unending sequence. 

* Theory 'of EUetrom, §§ 184-6, pp. 216-20. 

f Theory of Klectrone, % 182, pp. 214-5. 
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There are other assumptions, however, beside that of the 
contracting electron, made in the course of Lorentz’ argument 
which must be considered in order that we may see properly the 
relation between the historic development of the electron theory 
and the priiidple of relativity which covers and generalizes all 
the assumptions and results. It will therefore be convenient at 
this point to give a brief account of the theory of the dynamics 
of the electron. 

2. Aethereal momentum. 

In a thorough-going electrical theoiy of matter, such as is 
contemplated by some, it is necessary to eliminate at the outset 
the terms ‘ mass,’ ‘force,’ ‘momentum,’ and possibly also ‘energy,’ 
at least as far as it is associated with the idea of ‘ work done.’ 
Brit in deriving equations to be compared with the classical 
mechanical theory, we soon find it convenient to re-introduce 
these terms. 

In Lorentz’ theory the first step in the passage from 
pure electromagnetic theory to a derived mechanics is in his 
well-known equation 

r=E-|-[uH]/c, 

where P is called the ‘ ponderomotive force.’ This equation can 
now be taken as nothing more than a definition of what is 
meant by this term ‘force,’ although, ‘in its origin, when 
mechanical properties were given priority, it stood rather for a 
definition of electromotive intensity, and contained within itself 
a statement of the manner in which the force on a moving 
charge varied with its velocity. 

But now the question as to the relation of the acceleration 
of a moving charged particle in a given field of force cannot be 
taken to be settled by the statement that ‘P is the moving force,’ 
for the classical experiments on the deviation of the cathode 
rays demonstrate the failure of Newtonian dynamics in this 
case. 

There are some important relations hbwever involving this 
vector which are vital to the transition iimft the general el^tro- 
magnetic equations to dynamics. * 
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We shall see (pp. 158-60) that the adoption of the expression 
B + [uH]/c for the ‘force pex unit charge’ is consistent with the 
expression JJJJ^ (H* — B*) dxdydzdt for the ‘action’ of the whole 
system which we have already seen becomes a minimum subject 
to the assumed equations of the field*. 

It may also be shewn that the quantities [BH]/c and 
|^(B* + H*) may also consistently with this expression for the 
‘ force ’ be adopted as expressions for the ‘ momentum ’ and 
‘ energy per unit volume ’ distributed throughout space. 


By the application of the fundamental equations we may 
shew that the force per unit volume in the direction of 

the axis of x on the electricity in the field, is 


„ _dX.dXydX,_dg^ 

^ dx 5/ 


.(I).-. 


where g = [EH] /c, 


J 

Xy = E^Ey + HjfHy, 
Xg - E^Eg + 


The analysis is as follows : 
div E + [/>u, ’H-ljc 
=BdivB+|^curl H - , hJ 

=B div B + [curl H, H]+[b, J ^] - J | [BH] 

b>B div B+H div H ■♦•[curl H, H]+[curl B, B]-i ^ [BH], 

introducing the zero term H div H for the sake of symmetry. 

Now Ba div B+[curl B, B]* 

can be seen at once to be exactly 

+ 1 {F, E,). 

Adding the corresponding expression in H the above result follows. 


• Part II. § 8, pp. 111-8. 
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Note that it is only proved above that the adopted expressions are 
consistent^ not that they are the only ones possible, mathematically they 
clearly are not, but all that we are concerned with here, as in all theory, is 
to obtain a consistent scheme. See Macdonald, Electric Waves^ Ch. IV, § 23, 
and Electro7nagnetic liadiatio7i^ pp. 5-9. In Chapter XV (Relativity 

and an Objective Aether) the expressions for the flux of energy and 
momentum are associated with a definite state of stress and velocity in 
the aether, so that they become to that extent less ambiguous. 

c 

We may interpret this result as follows in oi-der to bring it 
into line with the ordinary dynamical theorems of momentum. 

The theorem of equality of action and reaction as between 
the aether and the carriei’S of charge is maintained if we call 
-pT the ‘ force per unit volume on the aether.’ 

If we take any closed volume fixed in space and integrate 
the equation (1) through it we obtain 

( 2 ). 

Thus the theorem of momentum is maintained as regai-ds 
the aether if we call fffgd V the total ntomentunt within the volume 
and — X = — (X*, Xy, X*) the rate of tra'ncport of the x-coin- 
ponent of momentum of the aether across unit area. 

In the same way we have — (K*, Yy, Yg) as the rate of 
transport of the y-component of momentum where 
Yy = ^ {Ef + Hy* - Eg* - Hg* - Eg* - Hg*), 

Yg^ Xy = EgEy + Hg Hy, 

and Yg = EyEg + HyHg, 

and similar expressions for the ^r-component. 

The set of quantities 


Xg, 

Xy, 

Xg 

Yg, 

Ys^ 

Yg 

Zg, 

Zy, 

Zg 


form what is known in vector analysis as a tensor*. 

* Unfortunately the word- * tenaar ’ has been used, in two senses. Heaviside 
uses the term ' temtofr of a vector' to mean merely Us magnitude or absolute 
value. The sense in which the term is used here was introduoed by IFillard 
Oibbs in his Vector Analytic. 
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The tensor found above is exactly the set of quantities sug- 
gested by Maxwell as defi ing the ‘stress’ in the aethcreal 
medium. In fact the stress across an element of area of a 
material medium in any direction measures the rate of transfer of 
momentum across that element — -provided the elenietvt moves with 
the Tmvtter in question. 

The elements of area jused in computing the above tensor 
were elements at rest in space, so that the tensor is only 
legitimately called the stress if the aether is considered to be at 
rest. It has been customary to pass over the objection to 
ascribing momentum to a medium supposed to be at rest, by a 
reminder that the momentum is a fictitious one, having no 
actual significance in dynamics, or else by saying that the 
at^ther is only approximately at rest. While this may be satis- 
factory when we are only looking towards immediate applications, 
from the theoretical point of view it is not. The ultimate object 
in introducing the terms momentum, stress, etc., is to examine 
how far it is possible to reconcile the concept of the aether with 
the general principles of dynamics, and it would at least be a 
considerable divergence from those principles to begin by 
assigning momentum to a medium at rest and thinking of work 
done by forces without motion of the medium on which they 
act. We shall see below * that for the closest reconciliation, it is 
necessary to assign a definite velocity to the aether at all points, 
and then the tensor found above will no longer be capable of 
being called the ‘ stress-tensor.’ It will perhaps be best to call 
it the ‘ Maxwell-tensor ’ for the present. 

3. Aethereal energy. 

The rate of work of the force pP on the charge per unit 
volume which is moving with velocity u is 

(pP, u) = (pu, & + [uH]/c) 

» (pu, E) since (u [uH]) a 0 


* Chapter XV. 
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This can be transformed (see below*) into the expression 
- div c [EH] - 1 i (B* + H*). 

This being the work done on the charge by the aethereal forces, 
the work done on the aether by the moving chaige is 

-(pF, u)=divc[BH] i (B* + H») (3), 

or integrating through any fixed closed volume 

jj fi(E^ + H*) rfF J f f(pF, u)dV-Jfc^ (gdS) . . .(4). 

where g = [EH]/c as above. 

This equation is commonly interpreted as follows : 

w = i(E’‘ + m) 

is called the ‘ energy per unit volume in the aether ’ and the 
equation therefore expresses that the rate of increase of energy 
within a fixed volume is equal to the rate of work done by the 
force on the aether diminished by an amount which can be 
interpreted as due to a ‘How of energy’ across the surface and 
represented by the vector c®gf. This is the famous PoyrUing 
Vector. It will be denoted in future by Q, 

To bring this into relation with the preceding and with 
ordinary dynamics it should be shewn th.at this flow of energy 
can be attributed to the stress in the aether, but this question 
will be deferred to a later chapter 

4. Integration of the above equations. 

If we integrate the equations (2) and (4) through the whole 
of space, and assume that the Jield is such that 

jj(JLda)-*0 and jJ(gdS)^0, 

* For (a curl B - B curl a) = - div [aB]. 

(a curl B) s - div [aB] + (B, curl a) 

= -div[aB]-i(B, 

t Chap. XV,- pp. lOS-s! 


t See note p. 140, U. 1-8. 
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08 the boundary is indefinitely enlarged, we have in the limit 
jjfpTdV~-§JjfgdV (6), 

and jJj(pT,n)dV^-^^jjjwdV (6). 

Suppose now that the carriers of the charge have momentum 
of the ordinary dynamical type, distributed with density g' per 
unit volume, and that in addition to the reaction between them 
and the aether represented by the electromagnetic force K = pF 
there are forces of non-electromagnetic type represented by K' 
per unit volume, so that the equation of motion for these 
carriers becomes 

V 1 jwf 

“ dt ’ 

which must be satisfied at all points at which there is a charge 
carrier. This combined with (1) gives 


9 / I /T tr ' \ I 

-(yx + ffx)-=Jix +-^ + - 9 - 


-y , 

r ~ * 1 


' dy ' dz 

which integrated through the whole of space gives 

assuming as before the vanishing of the surface integral 
j/XdS over the infinite boundary, where 


(6?*, Gy, Ox) = a =///(g + s') d r. 


0y,0. 

which may be called the ‘ total momentum.’ 

6. Case in which the Don-electromagnetic force* 
have zero sum. 

A case of particular importance* is that in which the non- 
electromagnetic forces K' have their sum zero. This would be 
so in particular if there were no such forces. In this case we 
should have 

da 


dt 


= 0 , 


that is, G- would be* constant throughout the history of the 
system, or the sum of the electrical and non-electrical momenta, 
is cimstcunt ifHhere are no forces of non-electromagnetic origin. 
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6. The case of purely electromagnetic inertia. 

Another importsxnt case for consideration is that in which* 
there is assumed to be no inet'tia of non-electromagnetic ongin, 
as suggested by Abraham and Kaufmann. In that case we 
have, since g' = 0, 

K + K' = 0 


at all points .at which there is a carrier for the charge, 

A similar result follows in the case of the energy : putting 
w' for the density of non-eleetri«il energy, we have 


giving 


^ {vj + !</) = (K', u) — c* div g. 


■ On integrating through all space, and (Milling W the total 
energy, we have 


that is the rate of increase of the total energy is equal to the 
rate of working of the non-electrical forces. 


7. Tho application of the above results by liorentz 

and Abraham to the d 3 rnamics of the electron. 

■* • < 

The first step is the calculation of the momentum in the 

aether due to a single electron which is supposed to have moved 
always with constant^ velocity. Given the whole motion of an 
electron the fundamental equations are sufficient to determine 
that field, and by the application of a Lorentz transformation 
this field can be correlated with an electrostatic field which is 
completely known. 


(a) 4-^raham’s electron. 

If we consider the electron' as suggested by Abraham to be 
a spherical distribution of radius a whatever its velocity relative 
.to the .obsejrver, the correlated field is the electrostatic field of a 
prolate ellipsoid of axes a and /9a, where /9=a (1 — “ i, wilh the 
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charge of electricity distributed as it would be if the spheroid 
•were a conductor*. 


This field being known, that of the moving sphere can be 
written down by reversing the transformation, and hence the 
momentum found. The result is 


e 


c + v 

log- - 


tTj ’ 


ir c — V 
the direction of O being that of the velocity. 

The corresponding expression for the energy of the field is 


W = 


Sira 


(« ° c — V j 


(b) Lorentz' electron. 

The electron as conceived by Lorentz is such that the corre- 
lated system is a sphere of radius a at rest with uniform charge 
and in this (»ise the momentum is found to have the simple value 

O- = /S - 

while the energy is 



The calculations are given below for this case, those for 
Abiaham’s electron l&eing omitted as they do not concern us 
herej. 

Of these two conceptions the formtsr js based on the New- 
tonian conception of a rigid body, whereas the latter corresponds 
to a body the configuration of which is permanent as that term 
is understood in the principle of relativity. The Abraham model 
is based on the conception of a fixed aether, and the electron is 
always spherical to an observer at rest relative to that aether. 
The Lorentz electron is always spherical to an observer moving 


* Abraham, Theorie der ElektriziUit^ ii. § 19, 2nd edition, 1908. 
t First given by G. P. C, Searle, Phil. Tram. A, €87 (1896), p. 166. 
t See Abraham, Theorie der ElektrizitHU 2nd edition, pp. 166-9. - For a • 
full dij^ussion see the whofe ot Chapter 11 of that work, or Lorentsc, Thei^^of^ 
Electrom^ especiAly §§ 26-28, 178-186, Notes 16, 16. . / " 


c. R. 


10 
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with it In the light of the principle of relativity the latter is 
the simpler conception, not, as it appears to many, the more 
complex. 


8. Calculation of the momentum of the Iiorentz 
electron. 

The field of Lorentz’ electron in uniform motion is 
obtained from that of a uniformly charged sphere at rest by 
means of the transformations of the principle of relativity. It 
thus becomes simple to calculate the momentum O. 

Let the electron be at rest in the system S'. 

The momentum in question is 


integrated through the whole space. The components of this 
are, expressed in terms of the field in S', 



{Ex, Ey, Ex') being the electric intensity due to the spherical 
electron at rest, these integrals extending again over the whole 
of space in the system S'. 

On integrating, the y and z components vanish by reason of 
symmetry, while the x component becomes 


^ince, again by symmetry, 

jjjEx'^dV'^jjjEy'^dV' = jjjEx'^dV' = iW', 

the momentum becomes 


Ttn 
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where W' is the total electrostatic energy of the electron at rest, 

which is easily found to be or according as the 

distribution i» uniform over the surfitce or through the volume. 

In either case therefore the momentum of the uniformly 
moving electron is of the form 

c* (1 - 

The electrical energy of the uniformly-moving electron can 
be found in the same way — viz. 

= i // + yS* ^ (AV+ AV*)} J-- 


_ W 3 + 

~ ~3 (1 - vVc*)* ’ 


9. * Quasi-stationary ' motion. 

This term hsis been introduced to signify a motion of an 
electron which is fissumed to vary so slowly that the actual 
momentum at any ilistant may be taken to be equal to the 
momentum, calculated as above, for an electron which moves 
continually with a constant velocity equal to the instantaneous 
velocity of the actual electron at the moment in question. 

The justification <jf this approximation lies in the fact that 
the effect of a change in the velocity of the particle is propagated 
outwards with the velocity of light, and, provided such changes 
are not violent, the density of the momentum diminishes very 
rapidly as the distance from the electron increases, so that by 
far the greatest part of the total momentum arises from the field 
in the immediate neighbourhood of the electron, and therefore 
depends on the motidh of the electron during a very short in- 
terval of time including the instant in question*. 

** * Cf. Abraham, Th. dir Mlek.'ii. p. 198. 


10—2 
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The hypothesis of ‘ quasi-stationaiy motion ’ is then that, if 
‘ O ’ is the actual momentum at an instant when the velocity of 
the electron is v, and ‘ & (v) ’ is the momentum of the same 
electron moving constantly with velocity v, 

o = a(v), 

and that if Sv is the change in v during a time fit 

fia = fia(v> 

Remembering that G (v) is a vector in the direction of v let 
(Sv)i and (fiv)t be the longitudinal and transverse components of 
fiv in time fit. 


Then fiG (▼) is the resultant of 


a|G(v) 


— (Sv)i longitudinally. 




transversely*. 


Thus if yi and /e are the longitudinal and transverse 
accelerations, the rate of change of G is compounded of mi/i 
longitudinally and me/* transversely, where 

8|t| • 

and mt — . 


10. The hypothesis of electromagnetic inertia only. 

As was pointed out above (p. 144), iy the carrier oy the 
charge has no intrinsic inertia the electromagnetic yorce K at any 
point must he neutralized hy the nan-electromagnetic yorce K'. 

In considering the electron as a whole we are bound to 
think of some forces as holding it together. It is these forces 
together with any other non-electromagnetic forces of external 
origin acting on the electron that are represented by K'. 

Since K + K' = 0 at every point of the electron 

j]J(K + K')dr=0, 

( 

* The angle turned through by the direction of the velocity is (dv)|/| ia|, and 
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where the region of integration is the whole region occupied by 
the electron. 

If we now assume that the forces holding the electron together 
have zero svm, jXfK'dF gives fimply the sum of the externally 
impressed forces on the electron. 

Thus wo have finally, representing this sum by P, 

P=-///Kdr 

_da 

~ dt 




this being a vector addition. 

The two functions of the velocity, nii, rrit, are known as the 
longitudinal and transverse masses. 


For the Lorentz electron 


mi = 


i8* 

ewac*^’ 


lUt 


!!_ 

fiTrac* 




since these quantities are unequal (except for w = 0, when =* 1) 
the vector P is not in the direction of the resultant acceleration 
unless either yi or /i is zero. 


11. Abraham’s objection to the Iiorentz electron. 

The rate at which the force P works is, putting t; ^ | ▼ | 
(Pv) = mifiv 

dv 



fiTTOC* 
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The expression for the total energy of the electromagnetic field 
is given above as 



so that the work of the eatemal forces (Pv) is not equal to the 
rate of increase of the total energy. Abraham has therefore 
raised the objection that the electron of Ijorentz does not 
satisfy the principle of the conservation of energy; or, more 
precisely, that the electron cannot be called a purely electro- 
magnetic entity, since the work of the forces which hold it 
together appears in the equation of energy. 

In fact if K/ is the non-electromagnetic force which repre- 
sents the effect of the kinematic constraint on the charge of 
the electron, the jvssumption 

[jfK,'dV^0 

does not involve the condition 

j’jJ(K/w)dF=0, 

where w is the velocity of a point of the electron ; for, with 
a contracting configuration, the velocity w will vary from point 
to point. 

In Abraham’s model of a rigid electron on the other hand, 
w is conceived as constant throughout, so that the work of the 
constraining forces is zero, and we do find in that case that the 
rate of increase of the electromagnetic energy is equal to (Pv). 

It is however not strictly correct to speak of either model 
as ’“purely electromagnetic,’ inasmuch as the ordinary laws of 
electromagnetism are not by themselves sufficient for the pre- 
servation of the geometrical characteristics of either. 

Only it is to be remembered that in dealing with the 
dynamics of the Lorentz electron, the total energy is not 
simply the electromagnetic energy as given above, but the 
sum of this and the potential energy of the constraining forces, 
and this sum is exactly taking tHe zero of potential 

energy to be the spherical configuration corresponding to v = 0. 
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12. The results of experiments on the apparent mass 
of the negative electrons. 

For the express purpose of discriminating between the 
results of Lorentz and Abraham for the transverse mass of an 
electron, Kaufmann repeated his experiments on the deviation 
of the /S-rays by electric and magnetic fields*. The conclusion 
to which he came was that Abraham’s expression more nearly 
represented the facts observed. But the great importance 
attaching to the answer to the question led to other investiga- 
tions, and Bucherer, Rfitnowsky, and Hupka declared in favour 
of Lorentz’ expression. For comparison’s sake it may be worth 
while to give the figures as determined f. In all cases the 
charge is measured in electromagnetic units. 

Kaufmann's results. 

If m is the effective transverse mass of the electron for the 
velocity v and Wo the value for t; = 0 so that 

m = mof{v), 

where f(v) is one or other of the functions obtained by Lorentz 
and Abniham, the experiment allows of the determination of v 
and efm, where e is the charge. 

Kaufmann found that by taking different values for with 
the two different forms of /(w) he could make the observed 
variation in ejm agree equally well in both cases with the 
calculated. 

The values for e/mo were respectively 

on Lorentz’ theory 1’660 x 10^ 

on Abraham’s theory 1'823 x 10’. * 

For the more slowly moving cathode-rays, where the varia- 
tion in m is negligible there is no question as to any particular 
theoiy and the corresponding number is according to Kaufmann 
1-878 X 10’. 

* Kaufmann, Ann. Phy>, 19 (1906), p. 467 ; 20 (1906), p. 689. 
t For a general aeoount of these experiments up to 1910 and of oritioiams 
raisfd, see J. Laub, “Dte experimentelle Gmndlagen der Relativitatsprinzip,” 
Jahrbueh der Hadioaktivitilt und Elektronik, 7 (1910), p. 406. 
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Kaufmann’s conclusion was that Abraham’s theory was in 
fair accord with the known value of e/mo while Lorentz’ was not. 

Bucherers remits {Ann. d. Phys. 28 (1909), p. 513). 

By a modified method, Bucherer obtained the following 
figures : 


tf/c 

ejifii) (on Lorentz’ theory) 

t 

^/7»o (on Abraham’s theory) 

•3787 

1 -701 X 107 

1-675x107 

•4281 i 

•699 

•663 

•5154 i 

•700 

•645 

•6780 

•701 

•580 


His conclusion was that since Lorentz’ theory gives the more 
constant value of e/mo it is supported by the experiments. 

Bestelmeyer's remlUt {Ann. d. Phys. 22 (1907), p. 429). 


v/c 

ejm (observed) 

ejm (Lorentz) 

ejm (Abraham) 

•1951 

1-697x107 

1-694x107 

1-700x107 

•2469 

•678 

•678 

•679 

•3222 

•643 

•647 

•640 


Here the values of e/m in the last two columns are calculated 
from the value 

— = 1-72 X 10^ 

mo 

which Bestelmeyer determined from experiments on the slow 
cathode>rays. It will be seen that in each case the observed 
value of e/m lies between the two calculated values which are 
very near to one another. 

But if — is equal to 1*72 x 10^ and not to 1*878 x 10^ as 

mo 

stated above, Kaufmann’s experiments seem to favour Lorentz’ 
result rather than Abraham’s, and in fact ail later experiments 
seem to point to this value being the more accurate. 
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Hupka finds from a large number of observations that 
Lorentz’ theory seems to give a more constant value of e/m© 
than does Abraham s (Am d. Phys. 31 (1910), p. 169). 

Ratnowsky (Comptes Rendm, 1910) also pronounces in favour 
of Lorentz’ theoiy. 

The value of all the preceding results must however be 
considered in the light of^nore recent experiments which have 
benefited by the tjxperience of the earlier ones. 

Wolz following up Bucherer’s method finds that from v/c = '5 
to vlc = '7, Lorentz’ theory gives a very constant value of e/wi®, 
namely 1'767 x 10^ (Ann. d. Phys. 30 (1909), p. 273). 

The following values of e/wo have been obtained by the 
writers named : 


1-773x107 

1-769x107 

1-766x107 

1-766x107* 


Classeu, Verh. d. Dmt. Phys. Ges. 10 (1908), p. 700 
J. Malassez, Ann. de Chim. et de Phys. 23 (1911), p. 231 
A. Bostohueyer, Ann. der Phys. 35 (1911), p. 909 
J. Alberti, Ann. der Phys. 39 (1912), p. 1133 


The most recent experiments of all, those of G. Neumannf, 
are very decisive in favour of the predictions of the principle 
of relativity. For /9-rays of velocities varying from *4c to '8c 

p 

the values of ~ calculated acconling to Abraham’s theory vary 

between 1'55 x 10^ and 1-74 x 10^; while .according to Lorentz 
formula the results of 26 experiments lie between 1*75 and 1*8 
and all but four of these between 1'75 and 1'78, with a mean of 
1'765 X 10’. This agrees so closely with the values of ejm^ 
just above, that there seems little room left for doubt now 
that the principle of relativity is in accord with the facts or 
experiment. 


* Given by Alberti as 1-766 x 107, but corrected by Schaefer in the paper 
cited below. 

t The resalts are recorjLed by C. Schaefer, Phys. Zeits. 14 (191S), p. 1177. 




CHAPTER XII 

KELATIVITY AND DYNAMICAL THEORY 

1. The necessity for a revision of d;ynamical theory. 

The decision between the two theories of the electron is 
not so important as the result, about which there is no doubt, 
namely that it is impossible to deal with the inertia of the electron 
as if it were represented by a simple Newtonian inaes. 

We are not necessarily bound to admit the conclusion of 
Abraham and Kaufmann in 1902 that “the mass of the electron 
is of purely electromagnetic origin ” — this might be only ap- 
proximately true, and we have seen too that pure electro- 
magnetic theory is not sufficient to detennine the motion of 
an electron. But we have at least a glimpse of a region in 
which Newtonian dynamics is not fundamental or universal. 
Further, with the growth of our knowledge of the complexity 
of the material atom, it seems possible that the sum of the 
variable parts of the masses of the electrons within an atom 
is comparable with the whole mass of the atom, and indeed 
that the same may be true of an extended material body. 
Without admitting the ambitious programme of the completely 
electromagnetic constitution of matter, it must at once be 
recognized that the mass of a material body becomes a statistical 
quantity depending partly on the motions of the multitude of 
electrons within it, and that only the fact of the smallness of 
the relative velocities of all bodies of which ordinary d3niamics 
treat, compared with that of light, has made it possible to 
think for so long of the constant mass-raitio of two bodies as a 
universal property of matter. » 

If this is granted, we are bound to seek for tlfe relation of 
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djrnamical theory to these new facts, and to regulate suggestions 
as to the nature of the electron and of the constitution of 
matter not only by select < i hoc experiments but also by their 
bearing on those concepts and theories which have hitherto 
been given a fundamental place. 

2. There are two interacting processes at work in theo- 
retical science. There i» the continual endeavour to form 
models which, working jiccording to the commonly adopted 
laws of well-established phenomena, shall imitate or represent, 
more or less closely, phenomena of which the modxis operandi 
is not clearly realized — for example, Lonl Kelvin’s gyrostatic 
aether, the elastic-solid theory of light, the earlier emission 
theory of light. The coric<;ption8 of the electron used by 
Lorentz and Abraham belong to this aspect of science, and 
the conception of matter as constituted of electrons, though 
incomplete at present, is an attempt at such a model in respect 
of matter. 

There is on the other hand the attempt to disentangle 
general principles of the widest possible application, not fully 
descriptive of each particular set of phenomena, but common 
to them *all, and independent of the special mechanism which 
is characteristic and particular. Newton’s I^aws of Motion may 
be instanced, the priijciple of least action, the principle of the 
conservation of energy. With these we may class the Principle 
of Relativity, that is, the general hypothesis, suggested by ex- 
perience, that whatm)er he the nature of the iiethereal medimti 
we are unable hy any conceivable experiment to obtain an estimate 
of the velocities of bodies relative to it. 

3. We have seen above that the models of the electron 
suggested by Lorentz and Abraham would, if valid, imply a 
revision of the Newtonian conception of mass and therefore 
of the whole system of dynamics. 

The question then arises, what has the general Principle of 
Relativity, if adopted, to say as to such a necessity, independently 
of ai^ particular model of a material system ? Is it possible 
that some of*the conclusions which have been drawn by Lorentz 
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from his particular model may be consequences of this general 
principle alone, and that the reason they arise out of the 
argument of Lorentz is that that model is itself subject to 
the general principle ? 

4 . The four-dimensional analysis introduced by Minkowski 
not only introduces a greater symmetiy into the discussion of 
the relativity of electrodynamic phenomena. It gives us also a 
new point of view from which to regard mechanical quantities 
and enables us to go some way in finding what modifications 
are necessary to the usual statements of mechanical theory in 
order that they may be included within the scope of the 
principle of relativity. 

Such modifications cannot pretend to be proved necessary 
throughout the domain of mechanics any more- than the hypo- 
theses of Lorentz are the only ones possible, but in the positive 
results of the experiments on the apparent mass of the negative 
electron, and in all attempts at a constitutive theory of the 
negative results of the Micheison-Morley and Rayleigh-Brace 
experiments, it is impossible to maintain the old conceptions 
in their entirety and it is therefore a step forward to employ a 
general principle which covers the results of all those experi- 
ments, and a method which can be used in criticizing suggested 
adjustments. 

Further, the symmetry which can be introduced into 
mechanics by the adoption of this point of view is no less 
remarkable than that which we have observed above in electro- 
magnetic theory, and the duality noticeable in the history of 
dynamics in the contrast between Huygens and Galilei, Euler 
and D’Alembert, the school of ‘energetics’ and the school of 
‘forces,’ is turned into a striking unity. 

We notice for instance that the fundamental difference 
between Huygens and Galilei was that the former concerned 
himself with ‘ space rate of change ’ of what we now call ‘energy,’ 
while the latter dealt with ‘time rate of efiange’ of ‘momentum.’ 
Now in the four-dimensional world of Minkowski, space and 
time combine into a single concept in which di^lacement in 
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space and displacement in time arc exactly on the same footing, 
and the suggestion arises that a force and its rate of working 
may also combine into a sir -^le concept in which the distinction 
between the two becomes lost, emerging only when we again 
separate the notions of space and time. In fact just as three- 
dimensional kinematics becomes four-dimensional geometry of 
rest, so three-dimensional^ dynamics may become four-dimen- 
sional statics. 


5. Illustration — the Principle of Iieast Action. 


An example may at once be given from the region of 
electrodynamics. It is known that the electrostatic field due 
to a given distribution of charge is uniquely determined as 
that which gives the potential energy, represented by the 


space integral • ^ JJJs^dV, a stationary valtie, subject to 


div E = p, and that if the distribution of the charges is varied, 
the variation of the integral gives the virtual work of the forces 
acting on the charges. We may compare with this the relation 
of the electrodynamic equations to the principle of least action 
which is contained in the following theorem. 

ly Jf is the Q-vector (H, — tE), subject to the equation 

lor JF = S, 

S being the As-vector -p (y/c, i), then if JF determined so that 
the space-time integral ^ ffff_ff’‘dxdgdzdt is stationary for 


small variations of ^ when 0 is kept constant, j[F satisfy the 
equation 

lor JFi = 0 ; 

and further, if % be varied, the variation of the integral will give 
the virtual work of the forces acting on the charges. 

The invariance of all the expressions occurring in the 
enunciations of the above theorems illustrate the criterion 
which is to be adopted in what follows ; but before proceeding 
with the exposition of it, it may be useful to give a proof of 
the second part of* the theorem just stated. The first part 
has 1l>een proved above (pp. 111-2). 
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6. Relation of the fundamental equations to Hamil- 
ton’s Principle. 

Taking' the invariant quantity 

A = ^jjj jjf^dxdydzdu, 

we proceed to consider its variation when we suppose that the 
element of charge which in the actu&l state of the system is at 
the point (x, y z) at time t is displaced so as to be at the point 
{x + hx, y + 8y, z + hz') at time < + supposing always that in 
the varied system the equations 

lor ( jp + SJP) = S + fis 
and lor ( J|p, + = 0 

are satisfied. 


We have, since lor = 0, 

= curl a, 

and, since lor ( jpi + SiF.) = o, 

Sjjp = curl Sa, 

an<i lor curl Sa = 

5a being a variation in the elcctrodynamic potential a. 
Thus 

dxdydzdu 


= JJJJ(curl a curl 5a) dxdydzdu. 
Applying the theorem of p. 102, § 1 8, 

M=////(d iv [a, curl 5a] — (a lor curl Sa)} dxdydzdu 


=s — jjj dxdydzdu -t- 1, 


where / is a triple integral over the infinite boundary, which 
will be assumed to vanish. 


7. We have now to express the variation iii the cunent 
4-vector S in terms of the geometrical displacement. Since 
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the relation must be of invariant form, it will be sufficient to 
consider a single component. 

The simplest method i perhaps to revert for a moment to 
three dimensions. 

Considering the simultaneous displacements {hx — Vx St, 
hy — VySt, hz — VgSt) the variation in the density is clearly 
given by 

which can be written on multiplying by ic 

hsu = div (S Zu) — div (SuZx) 

« 0 9 9 

= ^ — SuSx) + ^ (sySu — SuZy) + g- (SgZu — s„Zz) 

= lor„ [Sr, 0], 

Thus we have Sg = lor [Sr, Sj. 


8. Applying this to the expression obtained above, we have 

ZA = — JJJj (® * dxdydzdu, 

which on applying again the theorem (p. 102) and assuming 
again that the integrated part vanishes becomes 

SA= JjJ ^(.[St, S], curl a) dxdydzdu 

= JJJj( iF) dxdydzdu 

= :^Y> dxdydzdu* 

~ dxdydzdu (1), 


where fe = [0, Jp] 

"I" "1* ®u-^*u> •••» •••! •••) 

= {p(E + [uH]/c), -p(Bu)}t, 

■ * (Si [111 4C]) u easily seen from the definition to be identically equal to 
([a, t], ®). 

f ^hat it is a 4-vector was first noticed by Poiacar4, Rend, del Cire. mat. di 
Pal. 21 (1906), 169. 



160 BELATIVITY AND DYNAMICAL THEORY [XII 

where the notation in the last expression is that of three- 
dimension vector analysis. 


9. In d3niamioal theory, if a system has kinetic energy T 
and internal potential energy V, the theorem usually, knbwn 
as ‘ Hamilton’s Principle ’ is that the variation of the action 

sJ(T—V)dt is equal to — jsiTdt, where SUib the virtual work 

of the external forces acting on the system in producing the 
variation from the actual position at time t to the varied posi- 
tion at the same instant. 


Thus if P is the force at the point (x, y, z) of the system 
8U—Fx (&JJ — Vg.8t) + Fy (Sy — VySt) + Fz (hz — VgU) 

= Fx8x + FyZy + Fz8z — (Pv) 8t. 


Comparing this with the above equation (1) we see that we 
are able to interpret that equation as being in accord with this 
principle of Hamilton if we call 


A jic dxdydzdt 




the ‘ action ’ of the system, and 

-P = -(E + [uHJ/c) 

the "force exerted upon the aether ’ per unit of charge by the bodies 
which carry the charge ; or conversely 

P«(B-|-[uH]/c) 

may be called the force exerted per unit of charge by aethereal 
action on the bodies which carry them. As in the discussion 
of aethereal momentum and energy (Chap. XI) the electric 
charge is here thought of simply as the seat of communication 
and transfer between the aether and the matter canying the 
charge. 
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10, The Action an Invariant. 

Following out the conception used in Chapter XI of an 
equilibrium) between the electrical and non-electrical forces, we 
niay put the complete conditions determining the motion of 
a system into the following form. 

If ^ is the electromagnetic action aji defined above and A-i is 
the action of the mechanical forces, then the motion of the system 
is such that (A +Ai) has a stationary value; that is 

S (^A ^j) = 0, 

subject to those kinematic conditions which are assumed to he 
per7nanently satisfied by the electron. 

If the motion so determined is to be consistent with the 
principle of relativity, this statement is to have an invariant 
significance for the whole set of possible frames of reference. 
We have already seen that A is an invariant, so that the 
natural hypothesis to make, certainly a sufficient hypothesis, is 
that Axis also an invariant. 

This is the simplest and most comprehensive means of ex- 
tending the Principle of Relativity to cover general dynamics, 
but in order to obtain some of the consequences with as little 
calculation as possible we shall in the following chapters, 
instead of starting from the action, shew how the customary 
dynamical eejuations may be directly modified to meet the 
requirement of relativity. To do this we require a general 
criterion which we can apply. Such a criterion has already 
been used to suggest a modification of the electrodynamic 
equations of moving bodies. It will be as well to restate it 
specifically at this point. 

11. The general criterion of relativity. 

In order to construct a system of mechanic which is con- 
sonant with the principle of rel&tivity, we have to ensure that 
all e(^ations which aje used preserve an invariant form under 
the transfornwitions with which we are dealing. As in the 

11 


C. R. 
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ordinary equations of mathematical physics, we are restricted 
to equations connecting vector quantities and scalar quantities, 
so now for a similar reason we are required to adopt equaMons 
connecting scalar qvmUities or 4i-vectors or 6-vectera, and all the 
terms of any given relation must he of the same natv/re. 

In other words, just as in the older physics we are re- 
stricted, from the fact of the objectivity of the phenomena, 
to equations whose form is unaltered when we turn the axes 
about in any way, so in the physics subject to the principle 
of relativity we are restricted to equations whose form is 
unaltered when the various quantities involved are subjected 
to the transformations corresponding to any Minkowski change 
of coordinates. There is in fact a very close relationship be- 
tween the conception of the objectivity of phenomena, and the 
principle of relativity*. 

We have been accustomed to associate objective existence 
in space with Euclidean geometry and Newtonian kinematics. 
But if we adopt the principle of relativity, objective eadstence 
is inseparable from what we have called Einstein kinematics. 
We may not conceive of a body as having physical reality un- 
less the velocities of a given point as seen by two different 
observers are related to one another and to the relative 
velocity of the observers by the Einstein addition formulae. 

Thus the critics of the Principle of Relativity are justified 
in saying that it does not admit of an ‘ objective fixed aether,’ 
but it cannot be said that it denies the existence of an objec- 
tive aether of any kind, until it is shewn that a medium cannot 
be conceived which renders account of electromagnetic phe- 
nomena and at the same time has a motion which is consistent 
with the kinematics of the principle. This point will be dis- 
cussed further in a later chapter, where it will be seen that 
such a medium is not inconceivable. 


* See below, Relativity and an Objective Aether, Chap. XV. 



CHAPTER XIII 


THE DYNAMICS OF A PARTICLE 

1. The equations of motion In terms of 4-vectors. 

We are now able to reinterpret the preliminary discus- 
sion (Chap. VI, pp. 64-70) of the motion of a material point, 
and to extend it to any system moving as a whole with any 
given velocity. 

The criterion of relativity (p. 162) demands that in general- 
izing the Newtonian equation 


where g is momentum and k is force, we must equate two 
4-vectorg instead of two ordinary three-dimension vectors. 

Thus the simplest way of effecting this is to make the 
hypothesis that the momentum g and the energy of a material 
point, or of a system whose motion is defined by a single velocity 
of translation, are such that (g, iwfc) constitutes a 4-vector g 
which we call the ‘extended momentum.’ 

Considering the same system with its state of motion slightly 
changed in any way, we have also 

+ Sg, i (w -h Sw)/c} is a 4- vector 

and therefore 

ss (8g, iBwIc) is also a 4-vector. 

But further, as on p. 

* 

(Sx, Sy, Sz, ic St) is a 4-vector, 

11—2 
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and therefore if cSto = — Sy® — 

= cSt (1 - 


8to is an invariant. 


and 

are 4-vectors. 


Hence on division by this invariant 
b — /c (v, ic) 


(IZq 


\dt 


tc - 


dw\ 
dt ) 


If ft is a 4-vector, and we write 


dtf) 


= ll. 


then we have a purely relative equation. 

We will call fe the ‘ extended force vector ’ or more briefly 
the ‘ force 4- vector.’ 


2. Momentum and energy in terms of velocity. 

So far nothing has been said about the relation of the 
‘ momentum ’ to the ‘ velocity ’ of the system. 

It is a natural extension of the Newtonian ideas to suppose 
that for a .system at rest the momentum is zero. In the light 
of what has been said earlier about electromagnetic momentum, 
this is clearly not a hypothesis of universal application, inasmuch 
as the electromagnetic field which determines the momentum 
depends on the whole past history of the system, and it is quite 
easy to conceive of the nucleus of the system being at rest 
while there is a definite amount of momentum in the field. 
But at the present moment we are not laying down a general 
statement about all systems, but merely seeking to modify, to 
meet the requirement of relativity, the Newtonian conception 
of the momentum of a self-contained system. 

Thus if a frame of reference is chosen in which the system 
is at rest, we have, if Wo is the energy in that frame, 

go = (0, 0, 0, iwc/c), 

bo — (0, 0, 0, tc). . 

These two 4-vector8 are in the same, direction, and will be 
so in all frames of reference, their ratio being 
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Thus g =* Wob/c*. 

Wg being an invariant, or 

^ 

C*(l — 


and 


w = 


Wi> 


(1 — t>Yc*)^ 

Since Wg is the energy of .the system when considered to be at 
rest, it may be called the ‘ internal energy ’ of the system. 


3. Inertia. 

Suppose now that we confine our consideration to such 
systems as are completely determined by a knowledge of the 
velocity and internal energy, and that we consider the conse- 
quence of changing either the velocity or the internal energy. 

(a) Let the velocity he increased imthout any internal change*, 
that is, let the configuration of the system to an observer moving 
with it be unaltered. 

Then the two states of the system are connected by a Min- 
kowski transformation and Wg is constant. 

A particular case of this is the point charge discussed above 
(pp. 67 ff.), where any question of internal constitution is ignored. 
The above hypothesis of no internal change is tacitly assumed. 
The case of the Lorentz electron is another instance f. 

{b) Let the change in the system be one of inte'nml energy 
without change in velocity. 

If the internal energy is changed from Wg to Wg + Bwg, we 
have as under (a) 

g = Wob/c® = ~ (v, ic) = (g, iwjc), 

and 

{Wg + hwg) b {wg -i- Swp) « (▼, »c) / ^ i (w + 8w)\ 

«fi = — ^ — ^ [e+se, — 

Such a change has been called adiabatic^ there being no change in the 
internal energy, but of coarse more is assumed than the constancy of this one 
quantity. * 

t In this case w is noc aimply the electromagnetic energy, but that together 
with the energ^^ of the forces maintaining the form of the system. 
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do 1 d f y • 

V, /dg i 

giving 



dg _sv dwo _ 

V dWo 

or 

dt c* dt 

^~dto' 


[XIII 




dw _ dwo 
dt ^ dt 


dWft 
dto ' 


In this case then if, as is customary, Ve call the rate of increase 
of momentum the ‘ force/ we see that a force in the direction 
of the velocity is necessary to maintain the constant velocity of a 
system whose internal energy is increasing. 


(c) If both these types of change occur simultaneously, we 
have the combined result 

dt ~ dt \c*(l — c* dto 

— _ ^0^ - + ^ Wo I 

c* (1 — ^ 1 dto _ xi^jc^'^h) * 

giving a sum of two components in the direction of the resultant 
acceleration and velocity respectively ; while 

dw _ dWf, Wo (vf) _ dwp / 

dt dt^ c® (1 _ vs/c®)! dto \ dt) ' 


4. The condition of constant internal energy. 

Notice that with hypothesis (a), introducing It the force 
4-vector, 

(bk) = (« (T, ie). S) = (V. ic) A 1* (V, <0)1 

= 0, 

that is + kyVy -t- h^Vt + = 0, 

ku — ~ (kxVx + kyVy + kgVf^. 

C 


or 


€ 
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We express this by saying that the force ^-vector ie orthogonal 
to the velocity 4^-vector. This is the necessary and sufficient 
condition that the internal energy of the system shall be 
unchanged. 


In fact, in the general case 


<“>-.("• It) 


dtf) 
b* dwo 


c® 

Wo 


c* dto d* 



dWa 
dto ’ 


since 


b® = - c*. 


Hence if 


(bh) = 0. 


dwo 

dt^ 


= 0 . 


6. The general significance of Iiorentz’ electron. 

We now see that if, and only if, we treat the electron as 
a small body whose internal energy is unaltered during a 
process of acceleration, we may equate the rate of increase of its 

extended momentum, * to the 4- vector \Lq (cf. Assumption 

(a), p. 67). For h is orthogonal to the extended velocity 4-vector 

and only in this case is the 4-vector k ^ also orthogonal to it. 

Thus we obtain the equations 

g(B + [vB]/c)-^ 

_ d /iieWoVN 

~dt\^)' 

with the energy equation deducible therefrom 

d 

. g(Bv) = ^(/ifW,), 

as file general form of (4) and (5) on p. 69. 
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These equatwns are all comtained in the single equation 




Ik representing the ‘ eastended 'farce ’ ■ as above, (j the ^-vector 
(g, iw/c) which wfl might call the ‘ eactended momentum’ and 
8to denoting the inva-riant element Stf^ which Minkowski calls the 
element of ’ proper' time’ {Kigenzeit) of the moving system. 


6. The modification of the Newtonian liaws of 
Motion. 


More gencfally we see that we have e(j[nation8 of motion for 
any system consonant with the principle of relativity if we 

equate the 4-vector ^ to any other 4-vector. 

a% 

This is the modified form of the facts contained in Newton’s 
1st and 2nd laws of motion. 


The Newtonian 3rd law of course retains its meaning as far 
as contact action and reaction are concerned, since we maintain 
the principle of the conservation of momentum of aether and 
matter together, the magnitude of the action between them 
being none other than the rate of transfer of momentum 
(pp. 138 ffi). But this cannot be discussed further without 
entering into the obscure question of the nature of the action 
between aether and matter. The immediate' purpose is to see 
what information can be gained as to the mechanical action of 
matter on matter, and here the action and reaetian between 
two bodies are clearly not necessarily equal. So far the only 
knowledge we have is that the force on either body can be 
obtained from a 4-vector which, if the internal energy is un- 
altered, is orthogonal to its velocity 4-vector, 


7. The inertia (Tragrheit) of energy*. 

We have had above an instance of a property which 
as will be seen below must, in the light of the principle of 

Gf . Larmor, On the Dynamics of Badiation,” international Congress of 
Mathematicians^ Cambridge, 1912, pp. 213-^, especially the footz^ote, p. 2ld. 
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relativity, be taken as of general application, and of which 
another instance is well known and has been referred to in 
the preceding chapter. 

The Poynting vector Q (p. 142) is equal to the momentum 
vector [EH]/c multiplied by & ; that is, in iShe aether theory a 
‘ momentum ’ g is accompanied by a ‘ flow of energy’ c*g in the 
same direction*. ^ 

In the particle dynamics which has been developed above 
we have the vector relation 

c*g = wv. 

Now in this case the energy w is convected with the particle 
with velocity v so that there is a flow of energy of amount equal 
to & times the momentum exactly as above (cf. § 6, p. 185). 

8. The motion of a radiating system. 

The above analysis is not restricted to a mere particle but 
applies equally well to the case of any system subject to the 
principle of relativity, the motion of which is purely trans- 
lational. 

» 

There appears at first sight to be a contradiction between 
the general hypothesis of relativity and the results of ordinary 
theory in respect of such a system. If in a given frame of 
reference a self-contained system is radiating uniformly in all 
directions, it will clearly remain at rest if subject to no external 
influence. According to the principle of relativity therefore, if 
observed in another frame of reference, it will continue to move 
with uniform velocity. 

Now it has been shewn on the older form of electromagnetic 
theory that a moving radiating body is subject to a resistance 
owing to its own radiation f. The suggestion is that owing to 
this resistance it will be retaixled, contrary l^o the result antici- 
pated by the hypothesis of relativity. 

* ¥tom the point of view of the Principle of Belativity this is a sufficient * 
reason for not considering*other possible expressions for how of energy. 

t Cf. Larmor, Internctional Congress^ quoted above, p. 212, and Poynting, 
BJiiU^ram. A, |02 (1903), p. 551. 
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But thjB reconciliation lies in the above proposition of the 
inertia of energy. According to that theorem, the uniformly 
moving radiating body is constantly losing energy and we have, 
since 



a corresponding loss of momentum given by 

e?g _ V dw 
dt ~ & dt' 

Thus what is in one theory spoken of as a resistance is in the 
other spoken of as loss of momentum, and there is no further 
contradiction. 

A similar point occurs in connection with the Trouton-Noble 
experiment*, where ordinary theory predicts a couple acting on 
a suspended condenser when its energy is changed, whereas the 
Principle of Relativity demands that no rotation shall be ob- 
served — a demand satisfied in experiment. It can be shewn 
from the analysis to be given later. Chap. XIV, that the moment 
of momentum of a uniformly moving body is changed when its 
energy content is altered, and the rate of change is just equal 
to the couple predicted by ordinary theory. Thus the contra- 
diction only arises in either case if we maintain the empirical 
dynamical assumptions of constant momentum and moment of 
momentum for a body moving uniformly with changing internal 
energy. 


9. A kinetic potential. 

The expressions obtained for g and w are related to a single 
function as follows. 

Putting H= — WfifK 


= -Wo(l 




we have identically 



See Chap. lY, p. 89. 
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_dH 

_dH 

and 

and, if the internal energy is constant, the equations of motion 
become 

The analogy with classical dynamics is here very close. 

Of this function H we may note the following property, 
that 

Hht — — Wf,hto\ 

that is, Hht is an invariant, so that taking 

jndt, 

the equations of motion are given by the ordinary Hamiltonian 
method of variation in which we put 

SA =jsWdt, 

where SU is the virtual work of the forces acting on the 
particle. The invariance of the form of the equations of motion 
is clearly shewn now by the fact that both sides of this 
variational equation are invariant. 

10. OraTltation and the Principle of Relativity. 

In seeking for phenomena which may throw some light on 
the mechanical theory that has been developed in connection 
with the principle of relativity, one is almost necessarily limited 
to the consideration of planetary motion. Terrestrial phenomena 
give relative velocities which are much too small to give any 
hope of anjk experimental comparison. 
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But the Newtonian law of gravitation has been so completely 
corroborated by the observed motions of the planets, that the 
statement has often been made, that if there is a finite velocity 
of propagation for gravitation it is vastly greater than that of 
light*. 

Now the rise of an electromagnetic theory of matter shakes 
the foundations of this statement at- two points. In the first 
place, if there is any justification for the hopes that the electro- 
mjignetic theory may prove to be complete, gravitation would 
presumably come within its scope, though so far it has defied all 
attempts tt) include it. In this case we should anticipate its 
velocity of propagation to be that of light. In the second place 
the stfitenient was l)asod on the Newtonian conceptions of mass 
and force, and these have been seen to require some modifica- 
tion, whether in the manner above suggested or otherwise. 

Without going into the t;ntirely obscure question of th(^ 
physical nature of gravitation, it is desirable therefore to see 
whether the equations for planetary motion, and incidentally 
the law of gi’avitation, can be .so modifitMi as to be consistent 
with the principle of relativity, while still remaining consistent 
with the observed facts of planetary motion. 

It is clear that the Newtonian law will not fit into the scheme 
of particle dynamics developed above. 

For, if the force upon a jiarticle at rest due to the attraction 

of another is given by 

, (X y z\ 

k = 7rn,w*(^-, 

where x = x^ — Xi, y — y% — yi, z = z^ — Zi, the respective positions 
being (a?!, y„ z^, (a^, y^, z^ the extended force 4-vector for one 
of the particles would be 

fe = (k.O). 

For tbe possibility of small corrections to the Newtonian law and of the 
hypothesis of a finite velocity of propagation see ZeVineck, Rnzyk. der fiath. 
WUh. Vol. V. pp. 35 ff. t 
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Applying a Lorentz transformation, so as to assign a velocity v 
to the particle along the axis of x, we should have 






= 


12^2 


y 


z 


c*r® 




where r® = (a?', y\ being the differences of the 

simultaneous positions in the new coordinates, so that the, new 
force in the Newtonian sense wouhl be 


k' 


yniiin^ 


7^ y' 

ifA * 



which, c:ven in this simple case where the pirticles have the 
same velocity, is quite different from that given by the New- 
tonian law, viz. 

where r'^ = x'^ -f y'* + z'\ 


11. Investigation of an invariant form of the 
equations of planetary motion. 

'^rhe problem of finding an invariant form of the equations 
of motion was first attacked by Poincar6*, and incidenttilly 
he was the first to recognize the importance of the 4-vector 
as a means of representing the way in which a mechanical 
force must b<^. transformed in the correlation of moving and 
stationary systems initiated by Lorentz, thus completing that 
discussion at an important p>int. What follows is essentially 
due to him. 

Let A and B be two moving particles whose coordinates in 
a certain system of reference .are (ajj, yi, z^), (x^, y^, z«y at times 
ti and ta respectively. Calling their velocities Vi and Vj respec- 
tively, we proceed to examine the possibilities of specifying a 

2 Rendiconti del Circ, mat, di Falermo^ 21 (1906), p. 166, **Sur la dyna> 
Unique de reloctron.” 
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force 4-vector depending on the coordinates and the velocities 
of the two particles and reducing for the case of particles at rest 
to the 4-vector 


* 



r» ’ r» ’ V ■ 


We must remember too that the force exerted by on JB is 
not now necessarily to be assumed e^ual and opposite to that 
exerted by B on A. 


12. The law of propagation. 

In order to eliminate a discussion of the mode of trans- 
mission of gravitation we must assume a law of propagation ; 
that is, we assume that the force 4-vector for A at time 
depends on the position and motion of B at time t^, being 
supposed to be in some fixed relation to and the motions of 
the two particles. 

To maintain the principle of relativity we must assume that 
this relation is an invariant one, and, though this is not the only 
possible assumption, we shall consider what is the result of taking 
the relation 

r — c{ti — <g), 

where r is the distance between the positions of the particles at 
times < 2 . ti respectively; that is, we assume the influence of 
gravitation to be propagated with the velocity of light. 


In dealing with the force on B due to A we should of course 
take 


r = c (<a - ^i). 


13. The introduction of d-Yectors and invariants. 

We may now write down a number of 4- vectors which 
depend on the relative coordinates 

(ajg-a?!, y^-yi, Zu 
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The simplest are 


hi — 


ha — *8 



where «i = (l 

where “ (1 “ *>8*/®*) ~ " » 


r = Ti - r* = {a-i - a;*, - y^, - z^, ic (<i - «*)). 

We shall not consider any quantities depending on the 
acceleration or higher derivatives of the velocities. 

Then since a 4-vector multiplied by an invariant scalar is 
still a 4-vector, we can by taking invariant multiples of the 
above quantities obtain a very general 4-vector, 

/r-f- Jih, -f-Jaha, 


where I, I^, are any invariant functions of the coordinates 
and velocities*. 


Wo have next to consider what invariant functions wo 
may take for I, /,, /j. The three products 

Px = (h, X). = (hat), y = (h, ha) 

are the simplest and most fundamental, and any function of 
these will be an invariant. Thus we have the general type 
of 4-vector 

h=/(pi. Rn. y) X +/i {pi. Pa, 7)hi {pi, Pi, 7 )ha*. 

Now, with the restriction r = c (#i — <a), we have, putting 
▼i/c - (fi, Vi, Si), and («, y, z) = {x^ - x^, y, - y^, - z^), 

Px^ - Ki{r — (j^iX + 77,y -H Ji^)}, 

and similarly pa = — «8 {»" — + Sa-®')}, 

and 7 = — *^i* 2 {l — (fifB + yi ’/2 + SiSii)} ; 

so that, as v, tends to zero, px tends to r, and r tends to become 
the instantaneous distance between the particles; aleo, as Vg 
tends to zero, p, tends to r, while, when both Vi and Va tend to 
zero, —y tends to unity. 

* Another term might be added If tt bi* b 2 in different 

directions^ this vector is orthogonal to them all, and any 4-vector whatever 
coul^ be expressed as a sam of the four vectors multiplied by invariant factors. 
This however not considered by Foincar^. 
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Th\is if "we take 

^ (S ’ p? ***’ 

we have a 4- vector whose first three components tend to the 
form * 

Vy 

as ▼, and Vg tend to zero, since then * 

/(g.7)-/(l,-l). 

and is therefore a mere constant. 


14. Invariant equation of gravitational motion. 

Thus the ecpiation 


for the pirtich; A becomes 


dto~^ 


d / _ \ /pi \ (•*> y> 


■h./j (pi» P‘i> y)'^i 

+ /2(Pl, P2, 7)^2 («)• 


This general form is consistent with the principle of relativity, 
and it remains to consid(;r whether any particular case of it is 
consistent with the facts of observation. If it is so, then the 
objection to the finite velocity of propagation of gravitation is 
removed, and the principle of relativity is shewn to be not 
inconsistent with gravitational phenomena. 

In restricting the form of (a) we may note first that if 
the internal state of the attracted body is unchanged by the 
attraction, k is orthogonal to fai (p. 167). 

Thus 

0 = (kb,) =/0 . 7) +/i (Pt> P2, 7) +/2(pi, pa, 7) (bib-i) 

\P3 / P2 

B 'y- 

\p2 / P 2 ^ 

This is to be identically true. 
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Poincar6 satisfies it by putting 

/i <Pi, pa, y) = 0, 


and therefore 


/.(ft, ft, 7) = -^/ ^. 7 ) 


* ypa^r 


so that 

of which the simplest particular case is 

h 

where is a constant ; giving a Newtonian force 

^ = ” \(^, y, •») — ^^4 • 

•C^pa ^ 7 c J 


“ft’t 7 r 


Now, again to the first order, if (»', y', /) are the coordinates 
of the position of A at time relative to the simultaneous 
position of B, we have 

(A-', y', z') = {x, y, z) — (ti - ti) Va 


— y, Q ^2- 

If ri'*’ = a:'» + y'» + A 

so that r/ is the distance of the simultaneous positions of A and 
B at time then to the first order of small quantities 

r/* = r» - 2r (a;^* + yy^ + z^^). 


= P2, 


SO that to this order 

k 


_ ^ I y> 


since, neglecting Vi and v^, 

. _Pi L. 

7Pa* '• 1 '“’ 


cr/* ^ cr/*J ’ 


c. B. 


IS 
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Thus to this order 



16. Reduction of equations to Newtonian form to 
the first order. 


For simplicity, let us consider the case in which the velocity 
of B docs not change, so that we may take a system of reference 
in which it is at rest. Then to the first order of small quantities 
in this system the equation (a), p. 176, becomes 


/ / / /X y> 



which arc the ordinary equations of motion of Newtonian 
dynamics. 

In the same way, in the more general case when A and B 
are both accelerated, the equations 

dt^ - ^ 

d ^ (a^ , y^, z,^ fx,y,z\ 

(•®i. Vit •S'l). (^p 2 > yai being simultaneous coonlinates, are con- 
sistent with the principle of relativity to the first order of small 
quantities. Here, we remember, (x', y', z') are simultaneous 
relative coordinates. 



16. The second order corrections inappreciable. 

The possibility of obtaining equations which, to the first 
order, are of Newtonian form removes the old objection to the 
velocity of proj)agation of gravitation being c, an objection which 
was based on the prediction of a first order effect. 

But for a complete comparison with astronomical observations 
it is necessary to examine the nature and magnitude of the 
second order effect. This has been carefully and exhaustively 
<ione by Professor de Sitter*. It would carry us too far to gfive 
the calculations here, but the results may, be summarized. 

* Monthly Notices of Roy. Astr. Soc. Mar. 1911, 388. • 
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Taking the following equations, either of which is a parti- 
cular case of (a), p. 176, 


and 


y\t ^i) _ ^ 
^ “ dio^ p/ 



(I). 



(^^i, ?/i. Hi) ^ /*(-7 ) 
dto^ • 



( 11 ). 


(II) differing from (I) only in the extra invariant factor (— 7 ) 
on the right-hand side — de Sitter approximates to the second 
order in both cases and comes to the following conclusions. 


Case I. 

. (i) The coordinsites of a jdanet of small mass are ex- 
pressed by the ordinary formulae of elliptical motion. 

(ii) But to express the eccentric anomaly in terms of 
the heliocentric time we must take a slightly altered eccentricity, 
the difference between heliocentric and geocentric time con- 
sisting in a small change of scale together with small periodic 
fluctuations. 

(iii) Kepler’s third law is not quite exact, but there are 
periodic variations. 

(iv) The difference between the constant of precession 
as determined from the fixed stars and from the motions in the 
solar system would be of the order of 

— 0"’0000044 per century. 

The variation in the eccentricity in (ii) is of the order (v/c)* 
of itself, and for the earth this is of the order 10 ~*. 

The periodic change in the time in (ii) has amplitude 
(t;®e/c*n), n being the mean angular velocity, and is approximately 
equal to 0*0008 second. 

The deviation from the Keplerian angular velocity in (iii) 
is again of the order (v/c)® of the mean, that is of the 
-order 10 ~*. 

. A\ these effects are inappreciable. 


12—2 
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There is really no need to go any further, as these results, 
if correct, shew that there is no essential inconsistency between 
astronomical observations and the Principle of Belativity. 

De Sitter however goes on to shew that the equation (II) 
also leads to results which are at present incapable of obser- 
vation, except in one important respect. He finds in fact that 
this equation would lead to a secular motion of the perihelia 
of the planets which in the case of Mercury amounts to about 
7" per century. An effect of this kind has for some time been 
known by practical astronomers to exist, though the magnitude 
is about 40" per century. Various hypotheses have been 
suggested to explain it. One of them proposed by Gerber* in 
1898 quite independently of the principle of relativity is the 
possibility that the Newtonian Law of Gravitation is only ap- 
proximate, and that more accurately gravitational influence is 
propagated with the velocity of light, and that a correction 
of nature very similar to that suggested by equation (II) must 
be applied to the usual expression for the force on the planet. 
He arrives at the conclusion that the known motion of the 
perihelia can be so explained. 

By using instead of equation (II) an equation derived from (I) 
by multiplying the right-hand side by another power of the 
invariant factor (- 7 ) instead of the first, the magnitude of the 
eftect predicted could be made just of the actual order, and 
Gerber’s conclusion is thereby corroborated and found to be 
perfectly consistent with the hypothesis of relativity. 

* ZeitBchr. fUr Math, Phys. 43 (1908), pp. 93-104. See also JEtizyk, dtr 
Math. Wm. Vol. v. p. 49. 
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THE DYNAMICS OF CONTINUOUS MATERIAL MEDIA* 


1. The ordinary equations of motion of a material 
media. 


At constant temperature these are of the formf 
dx + — + 


dy 


dz 




9pi 


af +|-' +% + «(/>".) = 


dz dt 

and the energy equation derived from them is 


9 9 

0 - iPxPxX + VyP^ + V^P»^) + ^ + VyPyy + 

+ 0 ^ (V^PZX + V„p^y + VtP„) 

+ ^ {ip («’*® + V + ^z‘)] + kxVx + kyVy + kgVt , 

where V is the potential energy per unit volume, and k^, ky, kz 
the body force per unit volume. 

Here (A;*, ky, k^, (v*, Vy, v*) are Newtonian vectors, Pxy — Py» 


^ • t Where 


This chapter might be omitted by non-mathematical readers. 

* If + k + k + k 
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and ipxx, Pyy, Pzz, Pyz, Pzx, Px^ form a ‘ tensor ’ * ; the character- 
istic property of a tensor is that, (f, 17 , being any vector, 

^Pxx ” 1 “ VPxy ^Pxzt 
, ^Pyx + VPyy + ^Puz, 

HPzx + PPzy + KPzz 

form another vector. 

« 

Notv the above equations may be written 



dx 

. 5<7*i/ 

, dqxz , dpx 
dz'^ dft 

^X9 


^Qyx 

dx 

,^qyy 

dy 

II 

+ 



dqzx 

dx 

,^qzy 

dy 

, ^^zz , ^{fz 

'^dz di 

^z> 

together with 




dx 

dy 

dQz_^ 

dz 

+ hVz), 

where S = ipx 

y9y>Uz) 

= piVx 

, Vyy Vz) is the 

momentum 

volume, and 







Qxx ” 

J^xx "h “^xOxy 





Pxy + '^y9^y 



S'?/* — Pyx'^'^x9y> etc. 

and Q = (Qa!, Qy, Qz) denotes the flux of energy relative to a 
fixed frame of reference. 


and 


2. The condition of relativity. 

For the sake of symmetry we will write 

« 

” ^Ixuy “ ^lzu9 

Qx ” ^ux > ~ Qy ^ ~ Qz ~ ^UZ9 

C G C/ 

~ iJCx^x “4" “I" ^z^z)> 

(* 

— = ^utf 


See p. 140, footnote. 
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Then the four equations become 

XU » 

dx'^ vy dz *’ 


1 ^?y?/ , . ^9yu _ 

dx dy dz du 


dx (fy dz du 

"dqux . ^9uy , ^9uz , ^9uu r, 

dx '^'dy dz ''‘ du ~ 


We will denote this equation by 

div = h. 

These equations will he of invariant form provided that 
ft= (kr, ky, kz, kfi) is a 4i-vector, and also provided that the left- 
hand sides of the four equations are the components of a 4>-vector. 

• The left-hand side of the above equations is in form an 
exact extension to four dimensions of the equations of equilibrium 
of an elastic medium in three dimensions. We shall accord- 
ingly call a 'generalized tensor’ (see p. 140, footnote). 


3. The reejuirement that ft shall be a 4-vector is exactly 
that which arises in the electromagnetic theory for the force 
per unit volume on an electric charge (sec p. 159). These two 
facts arc necessaiily related. 

In fact in a system whose motion is determined by the 
assumption that the electromagnetic forces and mechanical 
forces balance at every point avc must have 

• (k-x, ky, kg')i = (^x> hy, k^2} 

where the suffix 1 refers to the electromagnetic and the 
suffix 2 to the mechanical force. Introducing the rate of 
work of the force as above, we have therefore 

(kx, ky, kg, k'n^i — (fxt ky, kg, k^g. 

If therefore the .left-hand side is a 4- vector, the right-hand 
eidc must bq a 4-vector also. 
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Thus the introdwtion of the hypothesis of equal and opposite 
action and reaction as regards mechanical and electromagnetic 
forcM requires the mechanical forces to obey the transformation 
required hy the principle of relativity. 

4. The transformation of the generalized tensor (SI, 

•Turning to the left-hand side of the equation, we know that 

. , ^ (d d d d 

the operator 

mation as any 4-vector. 

Hence the condition that div (Z& shall be a 4- vector is that, 
if & is any 4t-vector (a(!&) shall he a At-vector, where (ai©)* stands 
for. 

"I" ^yQxy "f" 4* f^uqxui 

and so for the other components. 

Hence (b (a^5)) must be an invcariant, where b is any other 
4-vector, that is 


^ is subject to the same transfer- 


qxx^xhx A" qxyhxOy “4“ qyxhyax H" ••• 

must be invariant. 


Hence the formula of transformation for the generalized 
tensor can be written down, by taking special values for the 
4-vectors a, b, such as (1, 0, 0, 0), (0, 1, 0, 0), etc. 

Further, since 

(ac) (bb) Cxdx • Oxhx 4“ Cydx • Oyhgp q* ^x^y • ^xhy 4" • • • 

is invariant, whatever the 4-vectors t, b, the transformation for 
must be the same as that for the array 



Cydx, 

Czdx, 

Cud,x 

\ 

Cxdy9 

Cydy, 

Czdy, 

C,ldy 

1 

j 

^xdz f 

Cydg, 

Czdz , 

Citdg 

) 

/ 

\ Cxdfif 

Cydu, 

Czdu, 

Cudu 

/ 


6. Application of the transformation of <2S. 

Suppose now that we make a further assumption that to an 
observer at rest with any point of the system, the mmnwtum-density 
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and also the flow of energy at that point is zero. This would 
preclude such transfer of energy as is involved in a flow of heat ; 
we may call the motion udiabatic. 

Then starting from the equation div (© = k, if we change the 
frame of reference to one in which any particular point of the 
body is at rest, we have 

gxu ~ ^yu ~^zu ~ 9ux ~ Quy ~ ^luz ~ 0 

at that point. 

Further, in the ordinary material mechanics we have 

Py^ ~ V*y> P^ ~Pxz> P»y — Pyx » 

which in the case of a stationary point of a body are the same as' 

C[yz — flzyi gzx — Qxzt ^xy ~ ^yx‘ 

If we transfer this assumption for a body at rest to our case, 
the tensor (©' becomes a symmetrical one for that frame of' 
reference in which the point in question is at rest. 

If therefore by any transformation, a, b, Are transformed 
into a', b', since the invariant (b' (a'©')) is symmetrical in 
a' and b', so is the invariant (b (a<?5)) symmetrical in a and b. 


Thus 

^XU 

— » 

or 


II 

f 

that is 

Q. 

II 

and similarly 

Qy 

= C^9y, 

and 

Qz 

= c®5r*. 

or 

Q 

— c*g. 


6. The inertia of energy. 

We now see what is the actual significance of the theorem 
referred to above (p. 169) that a flux of energy Q implies a 
momentum Q/c®. 

The assumptions^ from which this has been deduced in the 
preceding section are 
* (i) TJhe hypothesis of relativity ; 
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(ii) The vanishing of the momentum and of transfer of 
energy at a point which is at rest ; 

(iii) The symmetry of the ordinary stress tensor at a 
point which is at rest. • 

The third assumption we know .follows in ordinary theory 
from the statical theorem of moments. 

7. The stress in the medium. 

In what h.as been said above the (juantities 

^i/y> Qxy) 

are not what are properly called stresses, inasmuch as they only 
give the rate of transfer of monientum relative to the syst&ni of 
aoces, and not relative to the meclium itself. 

The true stresses are the quantities 

Pxx “ t/ase '^xQxt 
Vxy ~ ^xy ^yffxt CtC., 

which are the rates of transfer of momentum 7’elative to the body 
itself. Now in ordinary material mechanics, g is a vector in 
the same direction tis v, so that 

~ etc. 

In that case therefore the S-tensor ©tc., is also symmetrical. 

8. The momentum not in the direction of the 
velocity in a strained medium, except in the case of 
uniform pressure. 

But the momentum g in our case is not an ordinary vector, 
in fact the transformation obtained above for the tensor 
shews that g is not in general in the direction of the 
velocity v. 

To see this, let us apply the Lorentz transformation to the 
tensor (1^ for a point at rest to obtain the tensor dB' for the 
same point moving with uniform velocity y p.arallcl to the axis 
of a;, the transformation for a 4-vector being written 

a' =s .4a! -I- Bu, f = y, z' = z, = Au — px, 
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where 


A = 


1 - ivic 

( 1 - 


Then C, IJ being any 4-vectors transforming into t, If, 

“ (,Acn Hcx) (,Adx + Sdu)' 

Hence from § 4 

y[xu — ~~ AS (^xx — (^Mu) S^Qux + A^QxU 
— AS (^Qxx ?um)» 

since q^^x — qxu = 0. 

Thus, remembering that 


we have 

Again 

giving 

and similarly 


“ ic ’ 

fix — 2~ 

O 

</yu = ^qyx 

= - 

,_§V 

Uy ~ p2 

/ 


Thus the momentum g is only in the direction of the 
velocity v, that is, in the direction of the axis of x, if the two 
stress components qyx and qj^c are zero : and if this is to be so 
whatever the direction of the axes of {x, y, z), the state of stress 
for the body at rest becomes a simple hydrostatic pressure. 


9. The transformation of the true stressesi 

Remembering that 

, iv 

Pxx — Qxx — Vxffx qxx + ” qxu , 
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and so on, we may write down the following scheme of trans- 
formation for the true stresses : 

, _ , iv , 

Pxx — ^XX ■f' ~ ^Ixu 

c 

~ (Sipaf 9^t£u) 

%*0 

P*V ~ ?a:y "I" ^ S'!/!* 

— <lxy 

— 

A ’ 

2^yx ~ 3j/flj 

Pyy = %yf 

and so on. 

This stress system is only symmetrical in the case referred 
to at the end of the last section, where the stress qxx, etc,, 
reduces to a uniform pressure, so that g and v are in the same 
direction. 

10. The case of hydrostatic pressure ; p an in- 
variant. 

In the particular case when the stress reduces to a uniform 
pressure in all directions, that is, when for the system at rest 

q,x» ~ Qyy “ Qxy ~ ^yz ~ Qzx “ 0 , 

we have from the equations of the last section 

Pxx ~ Pyy ^Pzz “ ^xxt Pyz ~ Pzx ” Pxy ~ 0 - 

Thus for the moving system also the -stress reduces to the 
same simple type, and the magnitude of* the pressure iq an 
invariant. . *■ 
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Calling this p, and Wo the energy per unit volume in the 
system at rest, since 

Jim “ 

we have 


w 


* • / 2)2 \ 
= qun = — A^quu — l^qxx — j , 


and 


e = ^(^o + p). 


11. Illustration of the application of these formulae ; 
the Iforentz electron. 


If a charge q is distributed uniformly over a sphere of radius 
tt, this produces an outward tension on the substance of the 
sphere. A sufficient means of balancing this outward tension 
would be to imagine the sphere to be fluid with a constant 
negative hydrostatic pressure at all interior points of magnitude 
equal to the force per unit area of the surface of the sphere due 
to the charge. 

In the vinits we have been using, this is 


The total energy of the sphere when at rest' is 


E, = \eV= 


Sira' 


Thus in the transformed system we shall have for points in 
the interior 

* ^ c*‘327r*a‘’ 

giving a total momentum for the whole volume, (^ira^f^), of 
amount 

-S- —— 

^ c® ' 247 ra» ’ 

Consider next the shell of infinitesimal thickness which 
carries the charge. In traveling this the pressure p will 
rapidly diminish to zero, so that the contribution ^'vpf<f to the 
density of momentum will remain finite and therefore, for the 
in^nitesimal volume of the layer, give a total momentum of 
Vanishing g^mount. 
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On the other hand Wo the density of energy is very large, 
the total energy being finite. 

Thus the total momentum arising from the shell will bo 
where Fo is the volume 6f the shell ^hen at rest, and 


FoWo = IFo = 


^2, 

Swa 


Thus the momentum from this source is 

o. __ 1 TiT 
Bl — 7 " « g8 • 

In the same way the energy per unit volume (§ 10) 

arising from this pressure gives a total for the whole volume 

Vol^ 




Bv^ 

“ c® ^ f* 247ra 




3c*' 


A calculation of the electromagnetic momentum and energy 
of the field (sec p, 146) gives 






giving for the total 


& + g2 = /3 IToV/c®, 


results which are, as we should expect, identical with those 
obtained from a different standpoint in Chapter XI, pp. 145-7. 


12. l>]rnainiCB as a ercncralized statics. 

The analysis that has been given of the extension of the 
principle of relativity to cover the dynamics of^a matenai 
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medium shews even more clearly than the discussions in the 
preceding chapters how the interdependence of the measures 
of space and time is only one aspect of a far-reaching inter- 
dependence between the geometry of jest and motion, between 
static and kinetic phenomena. The form which has been given 
to the dynamical equations* of a medium is an exact analogy of 
the ordinary statical equations. 

With Minkowski spiuje and time become particular asp<icts 
of a single foui-dimensional concept ; the distinction between 
them as separate modes of correlating and ordering phenomena 
is lost, and the motion of a point in time is represented 
as a stationary curve in four-<limensional space. Now if all 
motional phenomena arc looked at from this point of view, 
they become timeless phenomena in four-dimensional space. 
The whole history of a physical system is laid out as a 
changeless wh«.>le. 

The origin of this view of time and space, and of the whole 
theory of relativity, was, as has been shewn abov'o, the possibility 
of putting the field equations of electrodynamics into an in- 
variant vectorial form, and we have seen that this form was an 
exact generalization to the four-dimensional space of the funda- 
mental eejuations of electrostatic phenomena in ordinary space, 
viz. 

div El = p, curl B = 0. 

We have now seen how, in examining how far it is possible by 
a suitable modification to reconcile the usual laws of dynamical 
phenomena with this view of time and space, we are led to equa- 
tions which are again a generalization of the statical equations 
of three dimensions, and we have seen that, in order to effect 
the generalization, wo have been led to contemplate an inter- 
dependence between the ideas of stress, energy and momentum 
which does not exist in the Newtonian dynamics. 

A similar genemlization of a statical theorem to four 
dimensions was noted in Chapter IX in considering the relation 
of the electrodynamic eijuations to the principle of least action. 
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and it is worth noting that the equations of this chapter can be 
obtained immediately from that principle, by assuming for the 
action a space-time integral of the generalization to four 
dimensions of the strain-energy function of ordinary elastic 
problems. This generalized function must be restricted to be 
invariant when the fmme of referenoe is changed, and to reduce 
for the particular case of a body whose velocity is everywhere 
small to the usual expression of the ordinary theory. This has 
been considered by Herglotz*, but it would carry us too far to 
give details here. The same conclusion as to the inerua of 
energy arises again in this methotl of approaching the question. 

* Ann. der Pkys. 36 (1911). 



CHAPTER tv 

RELATIVITY AND AN OBJECTIVE AETHER 

1. It is an outstanding objection to the principle of 
relativity that the propagation of electromagnetic effects 
through space seems inseparable in thought from the con- 
ception of an objective aether; whereas, if the principle is in 
fact universally valid, such a conception seems impossible, for 
the mind shrinks from an objective medium which is not in 
some sense unique. 

It is the object of this chapter to examine this difficulty, 
not with the hope of finally settling the question, but of shewing 
that a reconciliation is not impossible. 

In the firat pl.ace, the objective aether as commonly now 
conceived is a medium everywhere at rest* — or approximately 
so — through which a disturbance is propagated jiccording to 
certain laws, the disturbances constituting in effect the 
phenomena of which we are cognizant. But although the 
attempt to .assimilate the medium to a stationary elastic solid 
of purely Newtonian mechanical properties has been given up, 
yet the influence of that ph.ise in the development of the 
conception remains in that the aether is in practice identified 
with the frame of reference relative to which the motion of 
bodies is recorded. 

* But compare the Address given by Sir Joseph Larmor to the International 
Congress of Mathematicians, Cambridge, 1912, on the Dynamics of Radiation, 
in which the possibilities of ‘ oonvected aethereol fields ’ are considered, some 
of the results there given being particular cases of the general discussion which 
follows. The conception of moving Faraday tubes developed by Sir J. J. 
Thomson, Recent Reeearches in Klectricity and MagnetUm, 1893, Chap. I, 
should also be comparedvith the suggestions as to the possibility of a con- 
ceptual moving aether w^ich are made below. In particular cases the velocity 
isathe same in the two conceptions. 


c. R. 


13 
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In fact the conception is practically that of an ideal infinite 
rigid body with all its material properties removed and certain 
others substituted. But as was pointed out in Chapter III, 
pp. 28-30, the aether as an objective medium to which motion 
or rest must be aspribed* has not yet been defined. The electro- 
magnetic vectors have not yet beeiii correlated with any state 
of motion of the aether, 

t 

2. A mechanical moving aether possible in the light 
of the principle of relativity. 

But, as we have sotm, in the recent development of electro- 
magnetic theory certain mechanical terms have come back into 
use. We speak now of ‘ electromagnetic momentum,’ ‘ energy,’ 
‘ flow of energy,’ and ‘ stress ’ in the aether. But in general 
these ideas are not associated with a ‘velocity’ in the aether; no 
relation is set up between stress, velocity, and flow of energy, 
such as always exists in the mechanical transmission of energy. 

The (juestion arises, starting from any frame of reference 
for which the fundamental equations arc satisfied. Is it possible, 
by assigning a suitable velocity to the aether at all points, to 
inaJce a state of stress in the medium account both frr the trans- 
ference of momentum, and for the flow of energy ? If this were 
possible w.e should be giving objectivity to the aether in the 
sense that we are defining its motion*. 

It does in fact appear possible to do thisf. The velocity 
which is necessary has a certain definite component in the 
direction of the momentum vector, but there is in addition to 
this an arbitrary component in a certain determined direction 
in the plane containing the electric and mjignetic vectors. 

But the point now arises. Is stick a moving aether any mere 
reconcilable tvith the principle of relativity than the fljced and 
rigid aether? 

* Cf. the kinematical aether suggested by Larmor in which magnetic 
intensity is proportional to velocity, and electric intensity to rotational strain. 
Aether and Matter^ Appendix E, pp. 322-387. • 

t V. Proc. Roy* Soc. Vol. 83, p. 110. The analysis which follows is an 
extension of that in this paper. * • 
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This question must be answered thus : It is valid to think of 
a moving msdivm as having objective reality provided that its 
velocity conforms to the ki smatics of the principle of relativity. 
In other words, the velocities attributed to the aether in two 
frames of reference must be related to one another by the Einstein 
addition equation for the transformation front one frame to the 
other. 

Can this condition be satisfied by the velocity of the aether 
as determined by the above mechanical conditions ? 

The answer to this question will be shewn to be in the 
affirmative provided that the umletennined component is taken of 
such magnitude as to make the total velocity of the aether al every 
point the velocity of light. 

Further, when the analysis is carried out, the stress in the 
moving aether (i.e. the rate of trtansference of momentum per 
unit area across elements of area moving with the velocity of 
the medium) is found to reduce to a particularly simple form (a 
slight modification only of the Maxwell electrostatic stress in 
the sense necessary for a moving medium) whose principal 
components are invariant undet' the transfo^'niations of the 
principle. 

3. Proof of the above statements. 

We have seen in the last chsipter that if we attribute a 
velocity v to the medium, the true stress is not given by the 
tensor as found for the rate of flow of momentum across fixed 
elements of area (p. 140), but by the tensor giving the flow across 
elements mpving with the medium, that is the tensor, using the 
notation of Chapter XI, 

Xx + Vxgxt Xy + Vygxt Xg + Vggx 
F-j + Vxgy , Yy + Vygy , 1 * + V^gy 

Zx + Vxgt, Zy + Vygg, Zg + Vggg 

The rate at which this stress does work on an element of 
area normal to any ^direction must, if we are to satisfy the 
principle of energy in the mechanical sense, be equal to the 
flckw*of energy across the element in that direction. 


13—2 
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Taking an element to which the normal has direction 
cosines (Z, ni, n), this rate of work per unit area is 

— "I" 'niUy-\-nU^, 

where , 

+ Kg<c) v-r + ( F* + v^gy) Vy + 

Substituting the expressions for the stresses, this becomes 

ZT* = - (i «x (Av + iy** - Av - hJ- Ei - m) 

+ Vy ( K^Ey + H^Hy) + {E^E^ + + V* (vg)} 

= «*{«;- (vg)} - E, (vE) - (vH), 

or, generally, the flow is given by the vector 

— V {«> — (vg)} + E (vE) + H (vH). 

Now according to the analysis of the energy (p. 142) the flow 
of energy across this same element must bo tjqual to 

Q ~wv. 

Thus the following equation is to be satisfied if the stress is 
to account for the flow of energy 

Q _ MTV = V (w - (vg)} - E (vE) - H (vH), 
or c®g + E (vE) + H (vH) = v {2w — (vg)} (1), 

We have seen in the last chapter that we must not in the 
mechanics of relativity necessarily assume the momentum to be 
in the direction of the velocity. If Vg is the component velocity 
in the direction of g, remembering that g is perpendicular to E 
and H, we have 

c® j g I - Uj, {2w - 1 g I Vg], 

or 2wvg = I g I (c* + V) (2), 

which, given w and g, is an equation to find Vg. 

4. The relativity of the equation for the velocity. 

We may next examine whether the form of the condition 
(1) is maintained when we apply the transformations of the 
principle of relativity. • 
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We have seen that on multiplying the 6- vector JP = (H, — t'E) 
by the 4- vector 

b = K Vy, Vz, tc)/c, 
we obtain a new 4-vector * 

[bjp] = * {BH- [vH]/c, - i (vE)/c}. 

Multiply jp again by this.* Then 

[[W iF] - * (- B + [EH] + [[vH]/c, H], 

is a 4-vector. 

Similarly 

CM.] iF.] = * 1- H (vH)/c + [EH] + [[tB]/c, B], 

+ [vB]/c)) 

is a 4- vector. 

Adding and multiplying by c we get another 4- vector, which 
on reduction becomes* 

— 2 k (B (vB) + H (vH) -f- c*g — vw, ic {w — (vg))}. 

Now if the relation (1) is sjitisfied in any one frame of reference, 
this reduces to 

-2*(w-(vg)) {v, icj, 

that is, the given relation expresses that the 4-vector [[bjp] Jp] 
is in the same direction as the 4-vector b, that is, k {v, ic\. 
Hence if the relation (1) can be satisfied in any one set of 
coordinates it will also be satisfied in any other frame of 
reference. Further, the ratio of two 4-vectors in the same 
direction is an invariant; hence 

w — (vg) is invariant. 


* Using the identities 

(B [VH]) s (v [HK]) = (H [Bv]) 
([vB] B] s T (B)> - B (vB). 


and 
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5. 7]lie solution of the equation for the velocity. 

It remains to be seen whether the equation (1) can be 
satisfied at all, and if so whether the solution is unique. To 
do this we may take any. frame of reference we choose. 

Now in genera! wo can always find a frame of reference for 
which the electric and magnetic force at a ]>oint are in the 
same direction, so that in this system g = 0. 

For in an arbitrary field let the axis of at be taken perpen- 
dicular to E and H, and apply the Lorentz transformation. Then 


BJ = E^ = 0. HJ=H^ = 0, 


and 


while 


El 

e: 


Uy' 

Hi 


Ey--H^ 

^ c 

E,+ lHy 


H,-- E^ 


Equating these we find in general that we can find two values 
of V for which E' and H' are in the sjirne direction. The equa- 
tion obtained is ev {EyHg — E^Hy') = (c® + v*) {E^ + H^'), which is 
exactly the equation obtained above for Vg. 


Supposing then we so choose the frame of reference, the 
equation (1) becomes 

E' (v'E') -I- IT (v'H') = 2v'w', 

so that, E' and H' being in the same direction, v' must also be 
in that direction and the equation then becomes an identity ; 
thus the magnitude of v' becomes arbitrary. Transforming 
back to the original frame of reference, this arbitrary velocity 
along the direction of E' and H', say (0, Vy\ vl), transforms into 
(Vg, ^Vy, ), of which the first component has been shewn to 
be determinate in terms of E and H and the second and third 
give a velocity in a determinate direction in the plane of yz, 
that is, of E and H. 

t 

Thus we find that the reconciliation of the so-palled stress 



5-7] 


RELATIVITY AND AN OBJECTIVE AETHER 


199 


with the assumed distribution of momentum and energy, and with 
the Poynting vector, determines the component velocity of the 
medium in the direction of the momentum, and the direction but 
not the magnitude of the remaining com/ponent. 

6. The total velocily at any point *equal to that of 
light. 

The relativity of the condition (1) shews that the determi- 
nate velocity Vg in a certain frame of reference, together with 
an arbitrary velocity in the determinate direction in the plane 
of E and H in that frame of reference, will by the kinematical 
transformation become the proper velocity Vg together with 
another velocity in the appropriate direction in the plane of E' 
and H'. We can remove the arbitrariness in the latter com- 
ponent by assigning a further condition to be satisfied by the 
velocity, provided that this condition conforms to the principle 
of relativity. Such a condition, and in fact the only such 
kinematical condition which we can lay down regardless of any 
particular circumstances, is that the total velocity shall be ,equal 
to c. We see therefore that it is possible to assign to the aether 
the velocity c in a proper direction at every point, in such a 
way that all the defining equations are consonant with the 
requirement of relativity, besides allowing of the maintenance 
of the principles of conservation of momentum and energy as 
between aether and the carriers of electric charge. 


7. Two examples of the distribution of velocity. 

(i) A train of plane waves. 

In such a train of waves we know that the electric and 
magnetic intensities are equal and at right angles. 

If E is the electric intensity, we have therefore 


and 


|g| = EVc, w = E*, 

2VgC 

Vg* + C* W ’ 


giving , Vg^c. 

Thus in this case ^ the whole velocity c is in the direction of 
jiropagatioiy. 
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(ii) The field due to a point charge moving in any manner. 

It is known that in this case, if E is the electric intensity 
at any point P at time t, and r, is a unit-vector in the direction 
OP, where O is that point which was occupied by the point 
charge at a time ij such that OP = c{t — ti), then 

H = [r,E]\ 


Let PQ be the direction of 
E; H is then perpendicular to 
the plane OPQ, and the direction 
Pit of the momentum vector is 
in the plane OPQ and at right 
angles to PQ. 

We have 

iH! = |E| 



* sin d/c. 


so that 


2vgC _ 2E* sin 0 

c* + V ~ E® (1 + sin® 0) ’ 


giving 


^=sin^. 

c 


Thus the component velocity of the aether in the direction 
PR is c sin 0, 


Multiply equation (1) by H, remembering that 

(8rH) = 0, 

and (EH) » 0. 

Then H® (vH) =. (vH) { 2w - (vg)} , 

or E* sin* 0 (vH) = (vH) {E® (1 sin® 0) - E® sin® 0] 

= (vH) E®. 

Hence (vH) = 0, 

that is, the remaining component of velocity is along PQ. 

It follows that the total velocity c is along the direction 
OP. Thus the kinematical specification in this case is 

• c 

* See Abraham, Theorie der EUktrizitdt^ p. 96, 2nd edition, 1908. * 
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7 , 8 ] 

simply that the aether travels as if emitted with velocity c from 
the moving charge, and any element of it moves always in a 
straight line with const: it velocity. 

In particular for a stationary charge the motion is a uniform 

flow outwards from the point with vtslocity t at all points. 

• 

8. The modified specification of stress in the moving 
aether. 

Returning to the general case, for simplicity let the axis of 
X be taken in the direction of g, so that 

and = 0. 

Further let the axis of y be taken in the direction of the 
remaining component of the velocity of the aether, so that 

Vz—0. 

Then the true stress tensor becomes 

-w + Vyg», 0 

0 , Yy, 0 , 

0 , 0 , Zz 

where Yy = — Zz= ^ (Ay + Hy^ — — U^). 

Taking the y comjionent of equation (1), we have 
Ey (vE) + Uy (vH) = Vy (2w - (vg)), 
which must be an identity so that, since 

(vE) = VyEy, (VH) = VyHy, 

we have Ey* + Hy- = 2w — (▼8). 

or {vg) — Eg* + Hz\ 

Hence — {Xx + Vxgx) — w— (vg) 

- i (Ey* + Uy* - Eg* - Hg*) 

* =» Y 
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If we use P to stixnd for the common value of these ex- 
pressions, the stress tensor reduces to 

-p. ^y\e\, 0 

. o’, p , 0 , 

0 , 0 , '-P 

which is the simplest form to which it may be reduced. 

The form of this stress system is very similar to the simple 
Maxwell electrostatic system, the only difference being in the 
kinetic term jg |, a type of term which must always occur when 
the momentum is no longer restricted to be in the direction of 
the velocity. For the case of an electrostatic system g= 0, and 
the stress becomes exactly the Maxwell stress. 

But further, from the equation (2), 


^ I & I 

c»+V w ’ 


we have 

w — (vg) _ c® - 
w c® + v/ ’ 

so that 

C® + V JL> 

and 

1 g 1 = p 

c®-V ■ 

Thus as far as this representation of the aether is concerned, 
it is completely defined if we are given 

(i) 

The direction of g. 

(ii) 

The direction of the total velocity c. 

(iii) 

The magnitude of what may be called the ‘ principal 
tension ’ P. 

The equation (2) gives two possible values for Vg whose 
product is c®. It is clear therefore that we must take always 
that root which is less than c. 

Since 

C* ~ Vo* 
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and Vg < c, we shall have always, since w is positive, 

w — (vg) > 0. 

Thus the stress ahuays consists of a ‘tension ’ along the direction 
of Vy, that is in the direction of that *cornp(:ment of the velocity 
of the aether which is pe/pendicular to the direction of the 
momentum, and of equal pressures in directions perpendicular to 
this, togetlter with the kinetic terms. 

In the case of a field in which the electric and magnetic 
intensities are at right angles, this direction becomes that of 
the electric intensity, so that we arrive exactly at the concep- 
tion of moving tubes of force in a state of stress of Maxwell’s 
electrostatic type ; the transverse velocity of the tubes is in fact 
the same as that proposed by Sir J. J. Thomson. 

9. Examples of the distribution of stress. 

In the examples given above the specifications of the stress 
are as follows : 

(i) The train of plane waves. 

Since w = c | g | and Vg=^c, 

w — (vg) = 0. 

Thus the principal stresses are all zero, and so is the term 
Vy\g\, since Vy = 0. 

Thus the tmin of plane waves is represented by a purely 
convected momentum free from aethereal stress. 

(ii) The field due to a moving point charge 

w — (vg) = ^B* (1 + sin* 6) — E* sin* 6 
= iB*cos*^ 

Thus the stress tensor becomes 

^B® cos* ^ i — 1, tan® 6, 0 i 

0 , 1 , 0 . 

• 0 , 0,-1 

• The direction of* the ‘principal tension’ is the direction of E. 
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10. The 'stress^ an absolute quantity. 

At this point we may recall the remark made earlier (p. 6) 
that, in the Newtonian mechanics, while the ‘velocity’ of a 
body is a relative quantity, the ‘ force ’ acting on it, and con- 
nected with this the ‘ intensity of stress in a strained body,’ an; 
invariant quantities. 

Now wo have seen above that the quantity 

P^w — (vg) 

is an invariant, and this gives the intensity of the principal 
stress in the reduction that has been eftected abov(j. 

Thus the kinematical properties of the suggested moving 
aether conform completely to the principle of relativity, while 
the state of stress is invariant ; this is in complete analogy with 
the Newtonian conceptions. 

11. The analysis of this chapter has been inserted with 
a view to shewing that an objective aether is not necessarily 
foreign to the point of view of the principle of relativity, and 
incidentally it ap2>ears that the mechanical categories of 
momentum, energy, and stress can also be maintained in their 
entirety. The only real modification to the onlinary theory of 
material media is that we can no longer take momentum to be 
in the direction of or proportional to the whole velocity. 

If this view of the aether is accepted, the aether becomes 
much more nearly assimilated to our conception of an objective 
reality than on the older view where the relations expressed by 
the differential equations for the field were vaguely conceived 
as representing a quasi-elastic motionless medium, which served 
at the same time as a space frame of reference. At the same 
time the framework of time and space relative to which the 
aether moves in the presentation given above is restored to its 
true place as a mental construct embodying one aspect of the 
uniformities observed in the physical realm. 
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RELATIVITY AND PROBABILITY 

1. General criterion of equally probable states. 

In the kinetic theory of gases, and in the theory of 
radiation, one of the fundamental problems is to compare the 
relative probabilities of different states of a given system, of 
which not enough is known to determine the actual state. 
Various criteria of what may be taken to be equally probable 
states have been suggested, mostly based on what are conceived 
to be fundainenbil or intuitive conceptions. 

For example if, in the kinetic theory of gases, nothing is 
known of a given particle save that it is within a certain region 
of space, it is assumed that all positions within that region are 
equally likely to bo the actual position of the particle ; or again 
it is assumed that for a given particle of which nothing is known 
to restrict its velocity, all velocities are equally probable, no 
matter how great. 

Now in the case of the velocity it is obvious that the 
principle of relativity cannot admit this as a reasonable assump- 
tion, since the continual addition of velocities never leads to 
a velocity greater than that of light; and so the question may 
be asked: ‘What criteria of equal probability are consistent 
with the principle?’ 

A general criterion may be laid down applying to all cases. 

Any two stales of a self-contained system which can be trans- 
formed into one another by a Lorentz transformation are to be 
considered as equally probable. 

This clearly includes the first of the cases just cited, and 
agrees with the second provided we confine ourselves to small 
velocities. 
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2. The FitzOerald-Ziorentz Contraction. 

A first application of this criterion may be made to the 
theory of the FitzGerald-Lorentz contraction*. In respect of 
this the argument of Lofentz really seeks to establish nothing 
more than that, given any possible solution of the equations 
which determine the motions of the constituent elements of a 
body at rest, there exists another solution, correlated with the 
first by a certain transformation, corresponding to a uniform 
translation of the body as a whole. 

If we adopt the criterion above mentioned, we can only say 
that, ceteris paribus, these correlated states are equally probable. 

But the inohar configuration of a material body, in par- 
ticular what wc call the length of the body, does not correspond 
to a unique solution of the molecular equations. We may 
take it to be assured, in spite of the incompleteness of the 
theory of the matter, that the molar properties of a solid 
body are statistical properties, and that there is a very great 
number of molecular configurations which are consistent with 
any given molar state, whereas there is only one molar con- 
figuration consistent with a given molecular state. 

Thus we should say that the natural length of a body in 
given conditions is that which is statistically most probable. 

But, since there is a one-one correspondence between the 
possible molecular configurations of a body at rest and those of 
a body in motion, it follows that the most probable molar con- 
figuration of a body at rest is that which is correlated with 
the most probable molar state of the body in motion. 

This would explain to some extent why the FitzGerald con- 
traction is automatic, if not instantaneous. If a body is set in 
motion, there will initially be set up in the body a disturbance 
of magnitude depending on the acceleration. This disturbance 

* It is sometimes justifiably objected that the Einstein view of this con- 
traction does not make it clear that when a body is accelerated relative to a 
given observer, it will actually take up in the definite 'ftame of reference of that 
observer the contracted form which would be apparent if the body remained 
unaltered in its motion and the frame of reference changed. , 
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will be gradually dissipated by radiation or internal friction, 
the body gradually settling down into the most probable state 
consistent with its alterc ’ velocity. To any observer moving 
with the bo^y in its new motion this .state will be the san/e as 
the original state of the body, and therefore IJO any other observer 
the body will appear contracted according to the Einstein trans- 
formation, exactly as FitzGerald suggested. 

3. Xixamples from the Kinetic Theory of Gases. 

We may next give one or two examples of the modifications 
required to the ordinary results of the kinetic theory of gases. 

The probability of the velocity of a particular molecule in a 
given mass of gas lying between v and w -I- Sv is ordinarily taken 
to be of the form a being a constant. This is based 

on the criterion of a priori equal probability for all velocities. 

With the criterion above described the result is as follows : 
If nothing is htiown of a given large number of moving particles 
save that tfiey have a given comtant total energy, the energy ‘w' of 
each being a given (the same for all) function of its velocity, then 
the probability of the velocity of a particular particle lying 
between v and v + Sv is of the form 



If it be assumed that the particles are all identical to 
observers moving with them, w is known as a function of v. It 
is, as was shewn above, equal to Wq (1 — w*/c®) where w# is a 
given constant, the energy of a particle at rest. If vjc is small 
it is seen at once that this reduces to the customary expression. 


■ 4. The proof of the above expression is as follows. 

Let us compare a particle with small velocity (ute, Uy, uf) 
with one obtained from it by the transformation of Einstein. 

Its velocity is given by 
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and = ay//8, 

neglecting {Uxjcy, and the products u^Uyfc? and UxUgl(^. Hence 
if, in a velocity diagram, (m*, Uy, Ug) is represented by a 
point within a small element of volume St aboutr a point near 
the origin, the velocity (Ux, Uy, m/) is represented by a point 
within an element of volume St about a point near to (v, 0, 0), 
where '> 

St' = St/zS*. 

Our criterion of probability stfites that it is just as probable 
tluit the velocity of any particalar particle shall he represented 
by a point within St as within St'. 

Now let us divide the whole region bounded by the sphere 
of radius c in the velocity diagram into small cells of equal 
probability, the volume of any one at distance v from the centre 
being therefore proportional to say equals Calling the 

numbers of particles whose velocities are represented by points 
within the respective cells n^, «»,, ... and the energy corre- 

sponding to the same cells Wj, w*, Wj ..., the probability 11 of a 
given distribution is proportional to 

|;«i K ’ 

where N is the total number of particles. 

The total energy is 

», + n^Wt + n^Wa + . . ., 

which is a given quantity. 

If now we seek to make 11 a maximum subject to the given 
conditions, we have in the ordinary way 

A and a being constants*. 

In order to find the number of particles whose resultant 
velocity lies between v and v + 8v, we must multiply w,. by the 
number of cells contained in a spherical shell of iradius v and 
thickness Sv, the volume of each cell bein^ t/3~*. 

* See, for instance, Jeans, Dynamical Theory pf Gates, pp. 89ff.*' , 
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Thus the required number is 






shewing that the probability is as stated above. 

The probability of the^ velocity of a single particle lying 
between limits (m*, Uy, t/j») and (ux + dux, Uy + duy, Ug + dU;^ is 
similarly found to be proportional to ' 


^4g-a«> duxduyduz . 


6. These results are obtained simply on the assumption of 
given total energy for the particles. If however we are con- 
sidering only those particles which lie in a given volume, there 
is a further point to be considered. Owing to the dilference in 
the measure of a volume according as it is conceived to be at 
rest oP in motion, the criterion of equal probability tells us that 
other things being equal the probability of a particle of velocity 
V lying within a volume Sr/yS = St(1 — is the same for all 

values of v. This has the effect of increasing the probability of 
the velocity v in a ratio proportional to /8, so that the number 
of particles in a given volume having velocities between the 
limits named becomes proportional to 

/S® dux duydug*. 


6. Illustration flrom the theory of radiation. 

In his Bakerian Lecture to the Royal Society (1909), Larmor 
introduces the idea of equally probable elements of radiation, 
or equally probable trains of waves, using as the criterion of 
equal probability of two elements, the possibility of a physically 
reversible transformation of the one into the other, as for 
example by means of reflection at a moving mirror. In this 
way two groups of equal numbers of plane waves of the same 
area buj of different wave-lengths are counted as equally 
probable if the total energies in the groups are proportional to 

the frequencies, these frequencies not being given exactly but 
• 

*^This result is obtained by a different method by Jilttner, Ann. der 
Pltysik, 34 (19^1), p. 857. 

0. R. 
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being known to lie witMn two small limits which are propor- 
tional to the respective frequencies. 

Let us now apply the criterion of relativity for the com- 
parison of waves of different frequencies instead of the criterion 
suggested by Larmor. , ^ 

Suppose that we consider a train of plane waves of period t 
travelling pirallel to the axis of x. If we apply a Lorentz 
transformation to such a group of waves, we have, since for the 
plane waves 

Eg. = Hx = 0 , Ey = Hz, Ez — — Hy, 

IK' = i (E;^ 4- Hy'^ + Ez'^ + ///*) 

- {(/If. - 1 H.y +{h, + 1 is,)' +{is, + l H,)' 

W, W being the energy densities of the groups of waves as 
seen in the two frames of reference. 

But as we have seen above*, the equation connecting the 
respective periods or wave-lengths for the two systems is 


V t' 1 



Thus, since the corresponding volumes occupied by the 
groups of waves are in the ratio X' : X, the total energies E\ E 
in the two groups are such that 



where v and v are the frequencies. 


Chap. VI, p. 63. 
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Also, since for a IjOtcntz tTansformation corresponding to a 

velocity v the ratio ~ ^ ~ independent of v, if we 

consider a range of frequency v to */•+ Bv the corresponding 
^range in the transformed sys^m will be from* v to v +Bv, where 

v' _v' + Bp' _ Bv' 

V *v + Bv Bv ’ 


Thus if we adopt the relativity criterion of equal probability 
,we conclude that a group of plane waves of total energy E, 
whose frequency lies between two limits v and v + Bv, is equally 
probable with a groxip of the same number of waves of total 
energy E' and frequency lying between v' and v + Bv, the aretis 
of the wave fronts being identical, provided that 

E' _v' Bv' 

E V Bv' 

a resultant exactly according with that obtained by Larmor by 
a considex’ation of quite a different nature. 

This argument is in accord with the now well-known 
hypothesis that light energy exists in discrete quanta of 
different frecjuencies, the amount of energy per quantum being 
proportional to the frequency. All such quanta would from 
the present point of view be ‘ ecjually probable.’ 


7. Relativity and Thermodynamics. 

The foregoing results obtained from the suggested criterion 
of probability suggest at once that if we are to adopt the 
principle of relativity in its entirety, not only will dynamical 
results have to be modified, but there will also have to be 
a reconsideration of the definitions and properties of thermo- 
dynamic quantities. Such magnitudes as temperature will no 
longer be defined in a manner which is completely independent 
of the kineraatical state of the system. The temperature of a 
system will only have a definite value when the velocity of the 
system is specified. ^ 

The most general way of approaching this aspect of the 
priftciple is j^hrough the definition of the ‘entropy.’ If we 

14—2 
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adopt Boltzmann’s definition, in which the entropy is the 
logarithm of the probability of a given state of the system, it 
follows at onc(; from the general criterion of equal probability 
thafr the entropy is an invariant. 

We have also seen above that* 'the pressure is an invariant. ‘ 
Having gone so far it is easy to see ■jjv^hat must be postulated of 
the temperature in order to maintain complete relativity. If 
Wo is the energy of a system at rest, and w of the same system 
supposed to have a velocity v, we have 

w = Wo (1 — v^/c^) 

Thus, if the energy of the system is changed, 
dw = dwo (1 — 'y®/c®) " 
and since the entropy S is invariant 

dS=-dSo, 

so that = (1 — . 

(itv (X'^Vq 

If therefore we desire to develop a scheme of thermodynamics 
in which the rdation 

dS_ 

dw 

holds independently of the velocity attributed to the moving 
system, we must assume that the temperature is subject to the 
transformation 

or Tjfi is invariant. 

The above relations were first obtained by Planck fi*om a 
different point of view. For a further development of the 
relations between the thermodynamics of a moving system and 
its motion, reference may be made to his work*. 

* M. Planck, Ann. der Phys. 26 (1908), p. 1. See also Lane, Das Rela- 
tivitdtsprinzip, pp. 212-223. 



CHAPTER XVII 

CONCLUDING REMARKS 

1. The main objections urged against the Principle of 
Relativity are (i) that it is unnecessary and too sweeping, 
(ii) that it does away with the possibility of an objective aether, 
and (iii) that time and space are such immediate objects of 
perception that the artificial view which it adopts of them 
cannot in any sense correspond to reality. 

2^ In respect of the last difficulty little can be said to meet 
the natural shrinking which the observer of natural phenomena 
feels from such a calculus as Minkowski’s, in which we seem to 
lose sight of the most obvious distinction between time and 
space as essentially different modes of ordering events. 

It must be remarked, however, that an essential part in the 
practice of the calculus is the final process of interpreting the 
analytical result in terms of the ordinary modes of thought. 
There is perhaps an analogy to be drawn between the analysis 
which lays out the whole history of phenomena as a single 
whole, and the things in themselves, the natural phenomena 
apart from the human intelligence, for which consciousness of 
time and space does not exist, the laws of which, when expressed 
for instance by means of a principle of least action, consist in a 
relation between the whole aggregate of configurations which 
their history contiiins ; in which, so far as they are mechanically 
determinate, the past and the future are interchangeable. 
Such a view of the universe is inseparable from a mechanical 
determinism in which the future is unalterably determined by 
the past and in which the past can be uniquely inferred from 
the present state of the universe. It is the view of an in- 
telligence which cquld comprehend at one glance the whole of 
time and spgice. 
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But the limitations of the human mind resolve this change- 
less whole into its temporal and spatial aspects, and the past 
and future of the physical world is the past and future of the 
intelligence perceiving it. Only to a being outside the physical 
universe, free from participation *4n its phenomena, is time a 
meaningless term. The human consciousness and the physical 
universe are inseparably parts of a greater whole. They run 
parallel to one another, and the brain cannot do otherwise than 
order physical and external events relative to the internal 
sequences of its own consciousness. 

It is by such a process of correlation that any analytical 
scheme of relations is constructed for the description of natural 
processes. When this has been carried out, it is claimed for it 
that it, at any rate approximately, contains within it the whole 
history of tho.se processes for the mind to grasp as one* whole. 
Thus the very act of formulating a set of ecjuations which 
make the present state of the system to contain implicitly 
within it the whole history, past and to be, is one step, and 
that the largest, towards eliminating the peculiar characteristic 
of time as a product of the inner consciousness from its place 
in physical relations. It is but a small step further to the 
timeless universe of Minkowski. 

It is in fact the sole aim of theoretical physics to distinguish 
between and disentangle one from the other those factors 
in perceived events which are dependent upon human conscious- 
ness and those which are completely independent of it. The 
achievements of the past in this direction are quite sufficient to 
warrant further and continuous effort. That the mind should 
be able to conceive such a daring project and to progressively 
realize it, seems almost in itself sufficient to indicate that the 
resolution of its own workings into a chtiin of physically deter- 
minate processes is one incapable of complete realization, 

3. The other objections to the principle of relativity raised 
have been dealt with in the course of this work. It has been 
shewn in Chapter XV that the principle ‘of relativity is pot 
inconsistent with the conception of an aethereal m%»dium as the 
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carrier of electromagnetic effects, though it is inconsistent with 
the ut^ecessarily restricted rigid aether which has been com- 
monly presented. It is hardly hoped that the suggestion as to 
the way in’which the reconciliation &ay be effected will.be at 
all commonly accepted at present, but at any rate the force of 

the objection, such as it is, on this score is diminished. 

« 

As a matter of fact, the trend of thought among certain 
physicists at the present time is rather towards the assertion 
that the classical conception of the aether is insufScient to 
comprehend certain new experimental facts that have emerged, 
especially in the matter of radiation, photo-electric effects, 
specific heat. There is a tendency to think of radiation as having 
a more definite individuality than that of a mere disturbance in a 
con^nuous medium. The theory of energy-quanta is inconsistent 
with the usual view put forward as to the nature of radiation, 
and is suggestive of a modified emission theory of light. Such 
a view of the aether as has been suggested may perhaps tend 
to make the possibility of a reconciliation seem a little less 
remote. In any case it is free from the objection that it is 
confusing conceptual space with a conceptual quasi-material 
medium. 

In restoring time; and space te) their lawful position as factors 
in human consciousness, the Principle of Relativity is preserving 
the true nature of physical theory sis the description of facts in 
their mutual perceptual relations, and not in relation to a 
metaphysical background. There is really a greater logical 
justification for the efforts of those who have striven to corre- 
late electrodynamics and mechanics by the construction of a 
mechanical aether than there is for giving to a frame of reference 
the status of an objective medium. To reduce the description 
of aethereal phenomena to a scheme of differential equations 
different in form from those characteristic of any type of 
material medium is really to do away with the aether as an 
effective means of visualizing the means of transmission of 
electromagnetic Qffects, especially when we remember that the 
only phenomena which we can perceive are localized in matter 
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and not in the aether, so that the variables involved in the 
equations are not quantities capible of measurement ej^ept at 
points occupied by matter (or charge). 

Ii? fact the demand for an objective aether has'no meaning 
until we have defined in what sensen^ objectivity ’ is to be under- 
stood. A pure product of analysis is subjective if anything is. 
Objectivity for a conceptual medium* can mean nothing more 
than similarity in some of the properties in terms of which it is 
defined to the observed properties of some perceptual medium. 
The interpretation of the properties of the aether in terms of some 
mechanical model has been tried by many, but no really satis- 
factory result has emerged, and the tendency has been to settle 
down to a meaningleas statement that the aether is at rest, 
without in any way correlating that statement with any of its 
other properties. Such an aether is the most subjective of 
possible conceptions. 

4 . If the hypothesis of complete relativity may seem to 
some to have boon rashly pxit forward and hastily adopted 
without an overwhelming evidence compelling it, it is perhaps 
not irrelevant to remark that nearly all the greatest generaliza- 
tions of phj^sical science have been made from a few isolated 
facts, but that their xiniversal acceptance at the present day is 
the result of the unbroken agreement with facts since accumu- 
lated. To many present-day physicists Newton’s enunciation 
of the Law of Gravitation would have seemed to be based on 
very scanty evidence, but it has been tested as it would seem 
to the utmost by the advance of astronomical science, and not 
been found wanting except in the particular instance of the 
unexplained motion of the perihelion of the orbit of Mercury; 
and even in this case it has been suggested that the defect 
is not in the law, but in our ignorance of certain hitherto 
unsuspected attracting bodies (Seeliger). The only objection 
felt to it at the present moment is that gravitation obstinately 
refuses to fit in with our slight knowledge of the constitution 
of matter. 

At the present day we are only on the threshold of 
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investigating second order phenomena such as those anticipated 
by Mic^clson and Morley, '*’ayleigh and Brace, and it may be that 
for many years the experimental evidence accumulated will be 
insufficient to obtain for the Principle* of Relativity, on tl^e one 
hand a secure place, or on^iihe other hand a relegation to the 
collection of outworn theories. At -the present moment it is 
irrelevant to much of our 'experimental knowledge, but as far as 
we can tell it is consistent with it all, and it gives a unity to 
our thought which is not obtaine<l by showing that the few 
definite results of experiment can each be explained in some 
more conservative manner ; and this especially in view of the 
gaps, some of which have been indicated, in existing theories. 

5. In spite of all the (elaborate structure of mathematical 
dev^opments which ha.s been built up in connection with the 
principle, the most important aspect of it is still that which, 
with a flash of insight, was first enunciated by Einstein, the 
assertion that metrical space and time are not independent and 
self-contained concepts, but that they are conditioned by the 
very phenomena which they are used to describe. Though now 
to many this seems an obvious truth, and thotigh it has been 
implicit in the way in which many thinkers have always looked 
upon the meaning of all physical measurements, yet the point 
of view is still far from being generally adopted. 

* At present it is difficult to see whether the results forecasted 
by the principle are likely to have any considerable bearing on 
the growth of our experimental knowledge of the universe. It 
seems that we are entering on a new region of phenomena of 
untold possibilities for our insight into the constitution of matter. 
Much more must be done before so broad a gcneralizsition 
can be miide as seemed only a few years ago possible in the 
conception of a matter built up of simple electrons*. But as 
this possibility becomes the more remote, the more importance 
attaches to the Principle of Relativity as an independent 
hypothesis ; for the experiments which set it on foot can never 
be undone. 

^ * Of. Soddy, Nature^ Nov. 20, 1913, p. 339. 
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